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Abstract
We useour adaptedversionsof the two mostusedmethodsin ComputerFluid Animation,Marker andCell and
SmoothedParticle Hydrodynamics,to developa new methodtakingadvantageof thecalculationspeedof the�r st
andthegreat level of detail andcontrollability of thesecond.Such a methodis veryusefulin animationswith a
greatvolumeof �uid where theeventsneedinghigh-leveldetail takeplaceon thesurface.
Finally, wepresentsomesimulationexamplesmadewith thisnew method.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.6.5 [SimulationandModeling]:ModelingMethod-
ologies,I.6.8 [SimulationandModeling]:Typesof Simulation.Animation

1. Intr oduction

Thecomplexity of �uid behaviour is well known. Generally,
all the methodsusedin Fluid Animation have their advan-
tagesand their disadvantagesand the useof only one of
suchmethodsis notenoughto catchtherealismof thescene
maintaining,at the sametime, an acceptableperformance
and someanimationcontrol to modify the behaviour of a
�uid whenits realsimulationdoesnot �t theartisticrequire-
ments.Thesearethemainchallengeswhensimulating�uids
for video-games,virtual environmentsor other interactive
applications.

In theFluid Simulationworld thereferenceequationsfor
modelingordinaryevents(like liquid streams,liquids mov-
ing inside containersand even low speedsmoke) are the
Navier-StokesEquationsfor IncompressibleViscousFlows:

8
<

:

¶
¶t~u+ (~u� r )~u+ r p = 1

Re4 ~u+ ~g

div ~u = 0;
(1)

wheretheunknownsare~u and p, velocity andpressure,re-
spectively, Reis theReynoldsNumber, directly relatedwith
theKinematicViscosity(Re= 1=µ) and~g representsdebody
forces,suchasgravity.

From the wide rangeof approachesto the numericsolu-
tion of theseequationsdifferentmethodsof Fluid Simulation
havearisen,eachone,aswesaid,with its advantagesandits

disadvantages.Amongall of them,wecanstandout thefol-
lowing two:

� Marker andCell (MAC).
Simulationmethodwith an eulerianapproach,in which
the unknowns arecalculatedover a meshof the domain
and the �uid position is determined,at every time step,
by markerparticles.Theseparticlesdonothaveany mass
andaremoved throughthe simulationareaaccordingto
thevelocity �eld.
It hasverygoodsimulationtimeswhenthescenedoesnot
requirehigh-level details[FM96].

� SmoothedParticle Hydrodynamics(SPH).
It is a lagrangianmethodin which the�uid is represented
by particles,eachof themwith its own valuesandasso-
ciatedcharacteristics,thatdeterminethemovementof the
�uid.
This methodcan achieve high-level detail but meansa
very importantcomputationaleffort sincethe behaviour
of eachparticledependsonthebehaviour of thesurround-
ing particlesatevery timestep[Mon92].

Nowadays,MAC andSPHcoexist with other important
andinterestingmethods,like the semi-lagrangianoneof J.
Stam[Sta99]. Unfortunately, thismethodis verysuitablefor
dealingwith smokebut hassometroubleswhenit is directly
appliedto liquid simulation(it suffersfrommassdissipation)
andneedssomespecialtechniquesto beusedon thesurface
[FF01].
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Most of thesemodelstry to visually improve liquid sur-
face using particlesthat make possiblethe simulation of
foamandsplash(e.g.[TFK*03] or [CCLY02]) but their ap-
pearancedependsdirectlyonmeshmethodsvalues,keeping
their associatedglobalproblems,like lossof wavesbecause
of thetendency to smoothfeaturesandlackof controlby the
animator(usually, unphysicalchangesareabsorbedby mesh
methodsproducingunnaturalbehaviours).

For this work, we have takenMAC andSPHasour main
groundingbecauseboth arewidely usedmethodsin Fluid
Simulation(in their different versions)with very good re-
sultsandthey are,clearly, complementarymodels:our aim
is the creationof a new methodcombiningMAC, in great
volumezoneswherenot a too muchdetailedsimulationis
needed,andSPH,in zoneswhereit is actuallyneeded.This
way, we will reducethe computationtime without loosing
the level of detail.Moreover, SPHis a very �e xible model,
in thesensethat the �uid behaviour canbemanipulatedby
animatorsthroughtheforcesactingovereachparticle.

In thetwo following sectionswedescribesomecharacter-
isticsof our3D versionsof MAC andSPH.

2. Mark er and Cell Model

This modelwas�rst developedin the 1960's by F. Harlow
andJ.Welch[HW65] andmeantavery importantstepin the
world of Fluid Simulation.Sincethen, it is beingusedby
many authorsasgroundingto develop their own methods,
likeN. FosterandD. Metaxas[FM97] or J.Stam[Sta03].

The MAC startingpoint are the equationsin (1) written
andsimpli�ed for 3 dimensions:
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(2)

whereu, v andw representvelocitiesin x, y andzdirections,
respectively.

For the numericalsolutionof theseequations,the simu-
lation areais voxelized in parallelepipedswith their faces
parallelto thoseof themaindomain.Pressureis calculated
in themiddleof eachoneof theseresultingcellsandveloc-
ities are calculatedin the middle of their right, upperand
backfaces,obtainingaStaggeredGrid (see�gure 1).

Oncewe have donethis, we introducethecorresponding
changesinto theequations.

Figure1: StaggeredGrid.

2.1. Spaceand time discretization

The approximationof the spatialderivatives is madeusing
progressive, centredor regressive �nite differences(f.d.),
dependingon the consideredphysical magnitudeand its
derivationorder.

Dealingwith the advectionterms,we usea combination
of centredf.d. and Donnor-Cell Discretization. This tech-
nique gives the MAC methodmore stability when these
termsdominatethemotion[GDN98].

In the caseof time derivatives,progressive f.d. areused
andthe valuesof p aretaken in time t (n+ 1) , being(n+ 1)
thenew timestate,in whichwedonotknow thevaluesof u,
v, w or p:

u(n+ 1) = F (n) � dt
h

¶p(n+ 1)

¶x

i

v(n+ 1) = G(n) � dt
h

¶p(n+ 1)

¶y

i

w(n+ 1) = H(n) � dt
h

¶p(n+ 1)

¶z

i
:

(3)

Thus,we have an implicit methodin pressure([�] means
spatialdiscretization).

2.2. Pressurecalculation

Now, to solveourproblem,weonly needthepressurevalues
in time t(n+ 1) for all thecells.In orderto achieve them,we
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usetheexpressionsin (3) in thelastequationin (2), obtain-
ing aPoissonEquationfor pressures,

¶2p(n+ 1)

¶x2 +
¶2p(n+ 1)

¶y2 +
¶2p(n+ 1)

¶z2 =

1
dt

�
¶F (n)

¶x + ¶G(n)

¶y + ¶H(n)

¶z

�
;

(4)

that we solve with the SuccessiveOver-RelaxationMethod
(SOR)[Had00].

2.3. Solid contactand fr eesurface

Thenumericalsolutionof theequationsdiscretizedthisway
needssome values for the different physical magnitudes
inside the solid cells. Thosevaluesdependon the chosen
boundaryconditions.

On the other hand,somesuitablepressureand velocity
valuesarealsoneededto simulatethebehaviour of the�uid
freesurface.To assignthesevalues,we shouldstudyall the
surfacecells at every time step.However, this study is not
necessaryin our hybrid methodbecauseour MAC modelis
runningonly in thedeeperpartof the�uid, far from thesur-
facecells.Thus,no surfaceconditionsareneeded,avoiding
themostcomplicatedfeatureof MAC.

3. SmoothedParticle Hydr odynamicsModel

SPHwasoriginally developedin the 1970's by R. Gingold
andJ.Monaghan[GM77] andL. Lucy [Luc77], in separated
works. It was �rst conceived to solve compressibleastro-
physicalproblems,but becauseof its mesh-freenatureit has
beenused,and is beingusednowadays,to simulate�uids
anddeformablesubstances.Therecentworksof M. Desbrun
andM. Cani[DC99], J.MonaghanandA. Kos[MK00], M.
Müller et al. [MCG03] or P. ClearyandM. Prakash[CP04]
or aregoodexamples.

In SPH,asa Lagrangianapproach,the �uid is not con-
sidereda continuousmaterial.Instead,it is formedby parti-
cleswhich carriedout the �uid propertiesandtheir motion
is governedby the Newton's SecondLaw, F = m� a. Thus,
oncewe know theforcesactingover theparticles,we know
their velocitiesandpositions.

To calculatethis forces,an interpolationtechniquebased
on kernelfunctions,Wh(x), is used.Thesefunctions,called
SmoothingKernels, are an approximationof the Dirac's d
functionanddescribethebehaviour of thecharacteristicsas-
sociatedto theparticlein its neighbourhood.

With this technique,theequationsof the �uid modelbe-

come:

F r P
i = � mi å

j6= i
mj

 
pi

r 2
i

+
p j

r 2
j

!

r iW
i j
h

(r �~u) i = 1
r i å

j6= i
mj (~ui � ~u j ) r iW

i j
h ;

(5)

wherer iW
i j
h is the gradientof Wh(~xi � ~x j ) taken with re-

spectto~xi = (xi ;yi ;zi), thecoordinatesof particlei, r i is the
densityof particlei andmi , themassit represents.

The�rst equationdescribestheparticlesmovementdueto
thedifferencesin pressure(viscosityandbodyforcesshould
beaddedto thisone).Thesecondoneallowsusto know the
densityvariation: �r i = � r i(r �~u) i . This form of the conti-
nuity equationhasgoodnumericalconservation properties
and is not affectedby free surfaceor densitydiscontinu-
ities [CP04].

3.1. Equation of State

Although SPH usesa compressibleversionof the Navier-
StokesEquations,it canbe forcedto work nearthe incom-
pressiblelimit (actually, that is the situationin real �uids)
by meansof theStateEquation, thatlinks pressureandden-
sity [MK99]:

pi = P0

� �
r i
r 0

� 7
� 1

�
: (6)

Here,r 0 is theinitial densityandP0 is aconstantdepending
on the�uid.

3.2. Smoothingkernel

For our SPHversionwe have chosena kernelwith the ba-
sic features(normalizedintegral andWh(~x) ! d(~x) whenh
tendsto 0), compactsupportandwith a gradientthat pre-
ventsfrom thedecreaseof therepulsionforcewhentwo par-
ticles arevery close(see�gure 2), avoiding clusterforma-
tion [DC99]:

Wh(~x) =
15

p(4h)3

( �
2� k~xk

h

� 3
if 0 < k~xk � 2h

0 if 2h < k~xk:
(7)

The fact of using a compactsupportkernel reducesthe
numberof particlesinteractingwith agivenone.Thisallows
to increasethe speedwhenwe look for the neighbourpar-
ticles creatinga storagematrix with the informationof the
particlesin every2h� 2h� 2h cell of thesimulationdomain.

3.3. Integration scheme

In order to obtain more accurateresults,we use a Leap-
Frog scheme,whereaccelerationsandpositionsarecalcu-
latedwith atimelagof dt=2 in respectto velocities.Because

c
 TheEurographicsAssociation2006.



N. Suárez& A. Susín/ Mesh-Particle Modelfor Fluid Animation

Figure2: Smoothingkernelandits gradientin 1D.

of this, it is very importantto calculatevelocitiesdt=2 in ad-
vanceto computethefollowing accelerationvalueswith the
SPHalgorithm:

~u(n+ 1+ 1=2) = ~u(n+ 1) + ~a(n+ 1)dt=2: (8)

4. MAC-SPHmixed model

Now, we want to createa methodpro�ting from theadvan-
tagesof the previous methodsandavoiding or minimizing
theirdisadvantages.

Let ussupposethata greatvolumeof liquid sufferssome
disturbancesin sucha way that the moreimportantconse-
quencestakeplaceon its surface.

Figure 3: Qualitative 2D representationof the MAC-SPH
model.

4.1. MAC adaptation

Ontheonehand,we �nd thatmostof the�uid hasasmooth
andvery regularbehaviour thatcanbesimulatedef�ciently

with MAC. So, we choosea suitableheightandmake the
necessaryadaptationsto useaMAC simulationunderit.

First of all, calculationof velocity andpressurevalueson
the last of the MAC-meshrows needsthesevalueson its
upperrow cells. Using the SPH technique,we can assign
themto somenodes(see�gure 3),

Ai = å
i6= j

A j
mj

r j
Wi j

h (A � u;v;w; p); (9)

andthenmake the correspondingaveragesto completethe
staggeredgrid valuesof our new shortenedmesh(for the
pressurewemustobserve thatMAC-meshvaluesarein fact
p=r , whereasfor SPHparticlesareactuallyp).

To implementthe calculationof nodevalueswe usethe
samestoragematrix of SPH. In this case,sincenodesare
�x ed, their 2h � 2h � 2h cells are computedonly onceat
the beginning of the simulation(only SPH information is
deletedeachtime). Besides,they do not take part in actual
SPHcalculations.

We make surethatall theparticlesat distance2h around
thenodesareSPHparticles.This way, all theoperationsare
well de�ned and we manageto in�uence MAC valuesby
SPHvalues,sincethis in�uence is transmittedthroughthe
mesh.

4.2. SPHadaptation

On theotherhand,moreaccuracy is neededto simulatethe
surfacezoneandthiscanbeachievedusingSPH.

In orderto transmittheinformationof MAC calculations
to theSPHparticleslocatedin thiszone,weneedsomekind
of "transmitters".

� SPHparticlescannot interactdirectly with MAC marker
particlesbecausethey needacceleration,mass,pressure,
density, etc.,aswell astheir positionandvelocity values.
To solve this problem,we could assignsuchvaluesby
meansof theMAC �eld to thosemarkerparticlessituated
atdistance2h fromtheSPHones,takingintoaccountthat:

– As we saw in section4.1, meshpressurevaluesare
actuallyp=r .

– To usetheSPHmethodweneedthedt=2 advancedve-
locitiesfor all theparticlesinvolvedandthis forcesus
to make�rst theMAC calculationandthento estimate
the"advanced"valuesof themarker particles(in fact,
now they aredelayed)usingthenew velocities~u(n+ 1) :

~a(n) = ~u(n+ 1) � ~u(n)

dt

~u(n+ 1=2) = ~u(n) + ~a(n)dt=2:

(10)
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However, marker particles with such a treatmentdo
not maintain the distancesbetweenthemselves as SPH
particles do, causing instabilities when theseparticles
becomeSPH(enteringinto theSPHzone).Let usdenote
MIXB thiskind of particles.

� To avoid theseinstabilities,we createMIXA, a new level
of particlesbetweenSPHandMIXB, 2h highandin such
awaythattheirmovement(atleastneartheSPHparticles)
doesrespectthisdistance.
The idea is to move them, with a linear combination
of both simulationmethods,beingstrongerthe SPHbe-
haviour asweapproachtheSPH/MIXA limit, l .
Let usde�ne bi = (l � yi)=2h 2 [0;1], beingyi thevertical
positionof theMIXA particlei. Wewantthenew velocity
of i to be:

~u(n+ 1) = b ~u(n+ 1)
MAC + (1� b) ~u(n+ 1)

SPH ; (11)

what canbe carriedout actualizingthe SPHpart of the
combinationat the endof eachMAC-SPHmixed model
iterationandtheMAC part in thenext iteration,after the
MAC calculationandbeforetheSPHone.

We have to be carefulwith the actualizationof pressure
and density for MIXA and MIXB particles,that must be
done just after the SPH calculation(their old valuesare
neededin it). Although we have given themthe treatment
in (11), thereis the possibility of calculatingone of them
this way andthen,theotherby meansof thestateequation
(6). Thiscouldobtainbetterresultsandstill mustbestudied.

To summarizewe have 4 kindsof particles(see�gure 3):
SPH,MIXA (movedwith alinearcombinationof bothmeth-
ods),MIXB (MAC marker particlesthat,besides,carry the
informationneededto calculatethe SPHpart of the MIXA
ones)and MAC. Moreover, we must respectthe distances
betweenthedifferentlevelsof particles,aswell asthecalcu-
lationorderof theMAC/SPHcontributions,to obtainagood
interactionbetweenthetwo simulationmodels.

4.3. Results

Figure4 shows somesnapshotsof a drop falling into a re-
ceptacle,wherethe�uid is initially at rest.We seeparticles,
velocitiesandbothtogether. Thetotalnumberof particlesin
this exampleis 70;883 and,initially, 39;673 of themneed
theSPHtreatment(SPHandMIXA).

In �gure 6 weseesomeimagesof theevolutionof thisex-
ample.Thesmoothsurfaceis apointbasedsurfacerendered
with POV-Ray (www.povray.org), adaptingthe ray-surface
intersectionsaccordingto themethodof I. Wald [WS05].

Figure5 is madeup of somesnapshotsof an externally
manipulatedexample.At the beginning, the �uid is at rest.
Then,two cubesareraisedby meansof forcesdirectly ap-
plied to thecorrespondingparticlesandstoppedsometime

later. During the fall, pressureanddensityevolution makes
thecubeschangeinto spheroids.In this case,thetotal num-
berof particlesis 68;662and,initially, 37;452of themneed
theSPHtreatment.

Thegeneralbehaviour of the�uid is verynatural(in Fluid
Animation we look for a fast �uid-lik e behaviour although
not physically exact) and the improvement in simulation
speedis quitenoticeable:althoughtherunningtimesarenot
competitive becausethe algorithm is not totally optimized
(e.g.improvementscanbedonein theneighbourssearchand
thePoissonEquationsolution)andit wasexecutedin anor-
dinarylaptop,in the�rst examplethereis asaving of 32%in
averagediterationrunningtime comparedwith a pureSPH
executionandasaving of 37%in thesecondexample.

Figure 4: Snapshotsof falling �uid drop. Particles andve-
locitiesare represented.
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Figure 5: Exampledirectly modi�ed by the animator. Two
cubesareraisedandstoppedsometimelater to thenlet them
fall.

5. Conclusionsand futur ework

We have presenteda new methodwhereMAC andSPHin-
teractwith the aim of minimizing the computationaleffort
in problemswheredifferentpartsof the domainhave very
differentcharacteristics,allowing at thesametimesomeex-
ternalmanipulationof thescenes.

In examplesin which a greatvolume of �uid needsto

be presentbut there is not any important featureneeding
high-level detailin it theresultscanbenoticedimmediately,
achieving, in somecases,up to 40% of saving in averaged
iterationrunningtime(regardingthepureSPHmodel).Nev-
ertheless,associatedlimitations to theoriginal methodsare
kept, like the couplingof grid resolutionandsimulationof
turbulentfeaturesof theMAC.

On the otherhand,makingthe heightfor the interaction
layer being dependenton some�uid parameters,like the
�uid quantityor velocity, avoids its choicein advanceand
canextend the amountof problemsto be treatedwith this
method,for example,to problemsin which containersare
�lled or emptied.Furthermore,if thedetectionof thesuper-
�cial zonesto betreatedwith SPHcouldbedoneautomati-
cally, themethodwould bemore�e xible andcouldbevery
usefulfor awider rangeof problems.Theinclusionof mov-
ing solidobjectsis alsoanissuefor furtherresearch.

Summarizing,our MAC-SPHmixedmodelis a new sim-
ulation methodthat preservespart of the calculationspeed
of the MAC modeland the high-level detail simulationof
SPHon the surface,without losing the possibility of being
usedby animatorsto modify the �uid behaviour that SPH
has.All thesecharacteristicscanturn it averyusefultool for
theFluid Simulationfor theComputerAnimationworld.
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Figure6: Evolutionof a falling �uid drop.
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