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Abstract

We address the study of isolated singularities for a fully non-linear elliptic
PDE, of subcritical type, arising in conformal geometry. This equation appears
when dealing with the k-curvature of a locally conformally flat manifold, that
generalizes the scalar curvature. We give a classification result: either the function
is bounded near the singularity or it has a specific asymptotic behavior.

1 Introduction

The study of singularities for the the subcritical problem
n  n+ 2>

n—2"n-—2

—~Au=u’ in B\{0}, B¢ ( (1)
has received a lot of attention. In particular, Gidas-Spruck [5] gave a classification
result: a positive solution of (1) with a non-removable singularity at zero must behave
like
v Hz) = (1 4+ o(1)) COQ near =0
|71

for some ¢y = ¢o(B,n). In this paper we deal with a more general subcritical equation,
of the form
op(A?) =v* in B\{0}, a>0, (2)

where g = v=2|dz|?, v > 0, is a locally conformally flat metric on the unit ball B C R”
with an isolated singularity at the origin. The matrix A9 is given by A9 = g~ 1 A9, A9
is the Schouten tensor

~ 1 R
A= —— [ Ricjj — ———0ij
iJ n—2< i 2(n—1)g”)
and Ric, R denote the Ricci tensor and the scalar curvature of g, respectively. In this
metric, the Schouten tensor becomes

1
A9 = (D) — §|VU|2I

These oy, curvatures are defined as the symmetric functions of the eigenvalues A1, ..., An
of the (1,1)-tensor A9,

o = op(A9) = Z iy - iy

11<...<ig



The scalar curvature is simply

R
=M+...+t ==
01 1+ + An 2(n — 1)
Here we see that problem (2) for £ = 1 becomes the well known (1). In fact, if we write
4
un—2 =y 2 and 1+ 5 — ”T_Q = «, then both problems are equivalent. Note that the
critical exponent is § = Z—f% or a =0.

For general k, we are dealing with a fully non-linear equation of second order. The
problem is elliptic (but in general, not uniformly elliptic) in the positive cone

If ={v:o1(A%),...,06(A%) > 0}
However, it still carries a divergence structure
_ m—1 m—1 n—m-+1 2
Mo, = v0; <U¢Tij ) —n ™ vy + = om 1| V|
that was explored in the previous paper [7].

The main result of this paper is a classification of isolated singularities of (2).

Theorem 1.1. Let o € (0,k), n > 2(k + 1), and take v a solution of

op(v) =v* in B\{0}
v>0, ve F:

with v=1 € C3(B\{0}). Then

v Hx) £ —5— near x=0

2|75

Theorem 1.2. Let v be a solution of (3) for a € (0, lf—fl), n > 2(k+1) with v=! €
C3(B\{0}). Then, if the function v=' is not bounded near the origin, there ewists

c1,co > 0 such that

C1

< U_l(x <

o > < near x =10
275 275

On the other hand, the local behavior of singularities for the critical problem
or(v) = 1 has been addressed in the previous paper [6]. There we gave a sufficient
condition for the function to be bounded near the singularity: the finiteness of volume
of the metric g,, for the case n > 2k. The same result was given by Hang [8] for n = 2k.
For the Laplacian (k = 1) problem, a complete classification of solutions was obtained
by Caffarelli-Gidas-Spruck in the significant paper [1]. This the result hoped for the
o equation, however, so far are just able to deal with the subcritical version of the
problem.

One of the motivations for the study of (1) is because it appears in the resolution
of the Yamabe problem (see [9] for a very good survey). We can establish an analogous



k-Yamabe problem: find the infimum over all the metrics g, = v~2gg, v > 0, of the

functional
n—2k

Filg) = (vol(g)) ™5 /MmAg)dvolm (4)

This functional was first introduced by Viaclovsky [14], and it generalizes the Yamabe
functional. Its Euler equation is precisely oy (v) = 1.

The global subcritical problem has been understood by Li-Li in [10]. Indeed, if v is
a positive solution of
op(v) =v* in R"

for o > 0 that satisfies v=! € C?(R"), then either v = constant or a = 0 and

—1 a
v(z) = ————
(z) <1+b2|$—x\2>
for some € R™ and some positive constants a, b.

The methods of Gidas-Spruck [5] for the problem for £ = 1 can be generalized to
our case. The key ingredient in the present paper is to understand the structure of
ok and, in particular, to replace the traceless Ricci tensor by the traceless k-Newton
tensor (6).

The paper is structured as follows: in section 2 we give some properties of oy that
will be crucial in the proofs. We use the divergence structure of oy (9), an inductive
process (11), and the properties of the traceless Newton tensor (6).

In section 3 we prove the expression that will allow us to obtain the necessary LP
estimates, through a generalization of an argument due originally to Obata and that
has been very successfully used by Chang-Gursky-Yang [2], and then by Li-Li [11]. In
particular, we give a more refined formula (13). This is precisely the ingredient missing
in the critical problem. The LP estimates are found in section 4, and in the last two
sections we give the proof of the theorems.

2 Algebraic properties of oy

For a general n x n matrix A, consider its eigenvalues Aq,...,\,, construct the sym-
metric functions o, and the two tensors

e k" Newton tensor

Tk = O'k—Uk,1A+...+(—1)kAk:O'kI—Tk_lA (5)

e Traceless Newton tensor K
n—

LF .= ol —T" (6)

Remark. Note that although the standard notation for a (1,1)-tensor is Ag , here we
write both indexes as subindexes without risk of confusion. Take o := 1 and Tg = 0ij.



Lemma 2.1 ([4], [13]). We have
a. (n—k)oy = trace(TF)
b. (k4 1)opy1 = trace(AT*)
c. trace(LF) =0
d. If o1,...,0, >0, then T™ is positive definite form =1,... k— 1.

e. If o1,...,01 >0, then also
ok < Cp(o1)”

In particular, if A = A9 for g, = v=2|dz|?, the Schouten tensor becomes
Aij = vijo — 3|Vl (7)

and the traceless Ricci tensor (actually, a constant multiple of the actual traceless Ricci
tensor):
Eij = Ll-lj = ’L)Uij — %’L)AU&J’ (8)

Lemma 2.2 (Viaclovsky [14]). Let g = v=2|dz|?>. Then the Newton tensor T™ for
m <n — 1 is divergence-free with respect to this metric g,, i.e,

Z@Tg‘ =0 forall 1
J

As a consequence,

D 0L = Y0, (A%)

where 5j is the j —th covariant derivative with respect to the g, metric, and 0; denotes
the usual Fuclidean derivative.

The following two lemmas were proved in the previous paper [7]. Expression (10)
shows the ‘almost’ divergence structure of o,,, and (11) is an inductive formula that
allows to handle the non-divergence terms (of order m — 1) that appear in (10).

Lemma 2.3. In this setting,

ZajT[]ﬂ = —(n—m)opviv !t + nz L for each i 9)
J

mon(Ag) = v) 0 (”iﬂ?_1>_nZTm v + B o[Vl (10)



Lemma 2.4. Let U be a domain in R™, v=! € C*°(U) and ¢ € C*(U) a smooth cutoff.
Then for 1 < s < k < n integers and any v real number,

[t
Vi
:( k—ss)/Uak S‘VU‘QSQO%:U Vda + s+n+1 /ZTil;'_s_l’l)i’l)j’vv|25(,02k’l)_7d$

_n—ki:s-i-l/ 1’V’U|2(S+1 90 U e + k /ZTk svjcpi’vv|2(s—1)¢2k—1vl—'ydx

(11)

We will need a similar formula for the traceless Newton tensor in section 3.

Corollary 2.5. Fized 1,

Z 9; (L7}) = $8i0k +n Z Litvw™! (12)
J

J

Proof. Follows easily from (9) and (6). O

Now we estimate the norm of the Newton tensor:

Lemma 2.6. If o1,...,0, >0, m <n, then
17271 < Crnms

Proof. Because of lemma 2.1, 7™~ ! is positive definite and thus to estimate its norm
we just need to look at the biggest eigenvalue. We are done because

trace(T™ 1) = (n — m)o,_1

O

One of the main properties of the Traceless Newton tensor is the following well
known lemma:

Lemma 2.7. For any 1 <k <n — 1, if we have a metric g = v=2|dz|? in the positive
cone I‘g,
Z LEE; >0,

with equality if and only if £ = 0.

Proof. Because E;; is traceless,

>ty = - ST,
.3 1,J



But using that E;; = =Lo14;; + A;;, and
(k4 1)og1 = Tz‘];‘Aija T 51] = (n — k)oy,

we see that

n—k
Z ’Lj = - n ool + (k + 1)0'.%—1—1

The result follows by the general inequality for matrices in the positive cone I’z
n—=k
n(k+1)
with equality if and only if £ = 0. O

Ok41 < 010}

3 Obata type formula

Obata’s original result (see [12]) states that if we have a metric g on the unit sphere
S™, conformal to the standard one g., of constant scalar curvature, then £ =0, i.e., g
is the standard metric g. or it is obtained from g. by a conformal diffeomorphism of
the sphere . His method uses crucially the traceless Ricci tensor F;; = vv;; — %UA’U(SZ']',
and the Bianchi identity V'E;; = V/R. Indeed, the main step is to prove that

Z/ EijEij’U_ldUOlgC = 0.

and thus, g is an Einstein metric on S™.

This same argument was generalized for o} = cst instead of R by Viaclovsky [14],
here the role of E is played by L* and the Bianchi identity is replaced by (12). If
the metric is defined on R™ instead of S™, an analogous argument works but a cutoff
7 is introduced and in order to get the same conclusion a careful estimate of the error
terms is needed. Let’s mention the work of Chang-Gursky-Yang [2], [3], and then by
Li-Li [11].

However, we are now interested in the subcritical problem approach by Gidas-
Spruck [5]. They refined the computation of

/ZE”EUU ndx = ..
B

2¥}

for any € R. The main result of this section is the corresponding refinement for oy.

Proposition 3.1. Let a > 0, n > 2k. Take v—' € C3(U) solution of o1(v) = v in U,
veT!, v>0, andn € CPU), U domain in R", 0 big positive integer. We have then

/ ZLkE v 0% 4 ("T_koa —(14n- 5)7’“(322)) / va]V’u]zv_‘Sne
U

(13)
+(14+n-4 de s/ or—s| Voo™ = By (n)



for some constants dy_s where

k
/ZLUWB 1-5,0-1) 3 /UZ]}@SUWHVUFSUI_&UG_I (14)
s=1 %,

In addition, if 6 <n+1 and § close enough n + 1, all the coefficients in front of the
integrals in the left hand side of (13) side are positive.

Proof. 1t uses the inductive method developed in the previous papers [7] and [6], and
the properties of L*. In view of (8), integrate over U,

/ZLZEijU_dﬁe :/ZLZUUU /ZLk AU 1= 65ij’l70 (15)
i3 1]

The second term in (15) vanishes since L* is trace-free, and thus, integrating by parts
and (12),

[ttt == [ (018 ot = =) [ 5
3 i,j i,
/ZLZJW?J o
/ (0io%) viv' 0n? — (I1+n-9 /ZLUUWJU n’
/ZLZJW?J ot
Group in Fj(n) all the terms with derivatives in 7. Now compute, using (5), (6) and
(7)
/ZL%%‘U‘SU@ = ’%k/"klwl%‘sne - /ZT vivjv o’
1,J
k[t [
v
= —i/crk!VvPv‘sne—i—/ZTd VU0V 1=0,0
VA
_ 5/21;1;1%1)—5779

The middle term above can be handled in a similar manner as in [7], section 4:

/Z “lujvivol /Z@l |Vv| Tk Lot =onf
1,451
= _é—zl/zzﬁlvmww%—ane _ %/Zal (Tilflvi> Vo[2p1—0p?
il il

1 k—1 2, 1-6,0—1
3 [T vy
il

(16)

(17)



To eliminate the term 0, (Tﬁflvi) in (17) just use the equality (9) and then substitute
(17) into (16). We obtain

/ijvivjv_‘sna = —knt2 /o*;.c|Vv|2v_517‘9 - W/Zﬂl;lvwﬂVvFv_én@
.3
+ e / ok Vol'v™n" + () (18)

2 / Vo200 + Byt + Er(1)

where we have defined for fixed k, s =1,...,k — 1,

_ _ s+14n—4§ k—s, ... 2s,.—0,.0 n—k+s 2(s+1),,—6 0
By_s = =51 /ZTj vv;| Vol v +2(s+1)/ak_s\Vv]( )y n

The computations in (17) can be redone for 7#~% and thus

Bk—s = dk—s / O-k—s|vv|2(s+l)v_5n9 + EIC—S—IBIC—S—I + El (77) (19)

with

_ _stndl1-§ —k+
dp—s = == ZH (1 + 2( )) + g(s+1f
and

G _ (s+n+1-6)(s+2)
k—s = 2(s+1)2
The last step is

B =d, /01Vv]2k7)577—|— élczo/\Vvlz(kH)v‘sn

Substitute (19) into (18), inductively. This proves (13) for some constants ci s, dj—s
obtained from ¢_g, dp_s. Note that that c_s > 0if § < n+1. We also want dj_, > 0
for s =1,...,k, and this is achieved when ¢ is close enough to n+1 because n > 2k. [

Lemma 3.2. With the same hypothesis as in the previous lemma,

[ < (<10 -3) [ adVePo i+ Eaty (20)
U U
where

Ez(n) S / > vt (21)

U
Proof. Since o3(v) = v® and oy, < C(n, k)o¥ (lemma 2.1) we get
o1(v) = vk,
It is easy to see that
/Ulv”ne =(-1+7-%) / Vol*o™ 0’ + Ea(n)

and the lemma is proved. ]



4 Main estimates
Here we obtain the LP estimate needed as a consequence of (13). The terms on the left
hand side of (13) will be ‘good’ terms, and we will give an estimate of the error terms.

Proposition 4.1. Let n > 2k, a € (0,k), v solution of (3). We have

1 1
/ e 2(k+1)/ U2(k+1)5+2/ pre=s(99)
p<|z|<Mp P ApUAn, P~ JA,UAN,

for 6 <n+1 close enough to n + 1, where A, = {§ < |z| < p}, Anp = {Mp < |z| <
2Mp}, and the constants depend on M but not in p.

Proof. If we take o — 6 = —v, then —1 — 5§ ++ > 0 and the lemma above allows us to

replace
/Vv]zvo“Sne by /v a=o 0+E2( )

in expression (13). Let 7 be a smooth cutoff such that
1 ifp<lx| < Mp
L0 o< |zl<E 2Mp < |z|

and
1
2

p
The errors E1(n) in (14) are of one of these two types:

Ell(’l’]) S /A ZL”LJUZT]] 1-6 0 1

pUAA[p i ]

k—s 2s,,1-6,.60—1
Eq5(n <Z / Tij vin; | Vo= v ™ n
ApUAM,

1
Vil 'S ’ D) <

They will get handled as in the proof of theorem 1.1. in [6]. However, here we give a
clearer proof for this particular cutoff.

To understand the part E; substitute Lk = UkI TF so
En(n) S / opvinv' on’ ! +/ Thvm;v'~0n"! (23)
ApUAMp ApUAJ\/Ip

However, here we cannot use the standard trick to estimate the norm || T%|| < oy as in
lemma 2.6 because we cannot conclude that T is positive definite from the information
on o1,...,0;, and we need to write everything in terms of smaller 775, An inductive

process is needed.
Substitute TZ; = 0505 — AilTl];_I and A; = vvy — %]Vv|25ﬂ in (23), together with
lemma 2.6,

Eu(n) < / o1 Vol [Vt =0 4 / Ot |V Vot =0t
n ’/Tli;—%iwmjvz—éne—l

9

(24)




Now, for the last term, proceed as in (17),
/T‘l];'_lvilvinj 2—0 9 1 _ /a ‘V’U‘ Tvl]; 1 2—5779—1
/(61Tk 1) |VU|2njvz—5n9—1

~1 /Tl§_1!VU|2771jU257792 _ 2 /Tllj_lmvjlvmzvl‘;nel
(25)

Note that (9) helps to compute 81Tl’;_1 and thus from (25) and lemma 2.6 we get

’/T,’j‘lvuvmﬁ“sne‘l < /Uk—1|D277||vv|2U2_5779_2+/Uk—1|vv|3|vn|vl_6779_1

(26)
Young’s inequality for a small €, (24) and (26) give
C. o
Eu(n) S 6/0k|VU|2779v_5+2/ w2002
P= JA,UAM, @7

s C. 50—
+e/ak_1|VU|4779v 6—1—7: op_q vt onf 4
P JAUAN,

To finish the estimate we just need (29) from the lemma below, applied iteratively.
Thus

k
S — C(S —
Enn) < EZ/Uk—s|VU|2( +1)770” *+ p2k+1) [, e k=0 (28)
S= P P

The estimate for Ey2(n) follows in a similar manner. For the errors in Fs(n), defined
n (21), use Young’s inequality with p = ¢ = 2:

Ce
DS [IVlVat = S e [Pty S [ e
P™ JAUAN,

Putting all together in (13), and taking into account that }_, ; Lk “Eij >0

k1 k1 1 _ 1 _
/ pa B =6 o /va 2ot < 2(k+1)/ L2(k+1) 5+2/ p2ra—s
p<|z|<Mp 1Y APUA]\,jp P ApUAMp

O
Lemma 4.2. Foralle >0, s=0,...,k—1, 0 big positive integer,
1
2(54.1)/0ks’02(8+1)_5779_2(8+1) < E/Gksl‘VUQ(s-i-Q)nev_a
p
(29)

Ce

+ - / O,k_s_ln972(5+2)v2(s+2)75
P22 (w0}

10



Proof. First use the ‘divergence’ formula (10) for o;_, and integration by parts:

(k — s) /0k302(5+1)_6n9_2(5+1) - n—l~c2+s+1/aks1WU‘2779—2(8+1)U2(3+1)—5

_ (n+ 2(S+ 1) — 5+ 1)/Ti];'s11}1',0]'779_2(54_1)”2(84_1)_6

_/Tii;—s—1vmjn92(s+1)1vz(s+1)5+1

Now use lemma 2.6 again to bound the norm of the Newton tensor in (30),

/Uk8v2(5+1)—6n9—2(s+1) < /Uk . 1]V'u|2 6—2(s+1) ,2(s+1) =5

1
+p/O_k_s_l|vv|n9_2(s+1)_1vz(s+1)_5+1

s+2

) reads

Young’s inequality with €, p=s+4 2, ¢ =
/Uk o 1|22 25 D)= 5€p2(s+1)/0_k o[V 00

c
+ /T’; / s 222 2) =0

And for the second part in (31), take p = 2(s + 2), ¢ = %,

1
p

C _ _
—I—p;/ s 22 2) =0

The lemma is proved by substituting (32) and (33) into (31).

Proposition 4.3. Forn > 2(k+ 1), a € (0,k), v solution of (3) we have
5 a%

/ v atit—d < C’p =95

p<l|z|<Mp

where C depends on M and § but not in p.
Proof. Use Holder with

to get
1

_—— / 2615 < 6/ =8 4 o 20k
P2 4 0an, ApUAnr,

11

/O,]C o[V D =12 )04 < ep2(5+1)/ak_3_1|Vv|2(s+2)n9v‘5

(30)

(35)



for some € small chosen later. Also, a Holder estimate with

gives

1

- v2re—d < e/ v¥ k04 Cp”
p ApUAMp ApUAMp

(36)

Note that when « € (0, %) and § close enough to n + 1, then both p,p > 1. Now, look

at the powers of p in (35) and (36):

§ — okl
n—2k+1)g=n—-2G=n— 1 gk
2k
Choosing € small enough we conclude from (22)
67cxﬂ

k+1 —_—a
/ ,UanJ < C/) -3
p<lz|<Mp

5 Proof of theorem 1.1

The following proposition is the analogous to the study of the critical problem in [6].

In particular, a “volume finiteness” condition gives regularity near the singularity.

Proposition 5.1. Let a € (0,k), n > 2k, v > 0, v € F;g be a solution of (3),

Bp(x()) C B.

1. If the integral

/ S35
By (z0)

for some a small enough (not depending on p) then

-1 -1
sup v | < — v | Le(B, (@
B, (x0) v (otzo)
for all
> (n — 2]{)L
b k+1

2. In particular, if
/ @23 < 0 < 0
e<|z|<1

(37)

(38)

(39)

for some constant C independent of €, then the function is bounded near the

origin.

12



Proof. Similar to Theorem 1.2. in [6] for the critical problem. Condition (39) is the
analogous to the “smallness volume” condition there. O

Proof. of Theorem 1.1: Fix xo small enough and take 2R = |z¢|. First note that Holder

estimates with

k+1
§— bl 11

give

k+1
1

kil ’ s

n + n T Tl

/ v 2R3 < / vE 9] e <R T2 Rs <R <oo (40)
Br(zo) R<|2|<3R

independently of xg. We cannot apply proposition 5.1 directly to v, but however, we

could have started with the function 9(y) = A%v(%) for some A big enough of the
form
A= (constant)/ v(a_%)i,
R<|2|<3R
that still satisfies the same equation oy (0) = 0.
Since we are interested just in the local behavior near zero, we can assume that
(38) gives an estimate for v

sup v < ¢ 10" Lo (B (o))
Br/a(o) T Rv/p e

for all p > (n — 2k)%=, and C depending on

T
/ plo—2k) 2
R<|2|<3R

that is anyway uniformly bounded independently of R by a constant because of (40).
In any case, it is also true

— C
up 1 -1
S |U | < H’U ||L R<|z|<3R (41)
Bprya(wo) |zg|/P P({R<|z|<3R})

for all p > (n— 2k)ki+1 Let p = § — a1 this choice is valid when a € (0,k), n > 2k;

and now use (34) again

n——Ly
/ v P < Clag| o
{R<|z|<3R}

and thus from (41) we arrive at

as desired. O

13



Corollary 5.2 (Harnack). In these hypothesis, there exists My > 0 such that for all
p> 07 M < MO;

sup v 1< C  inf (42)
p<|z|<pM p<|z|<pM

where C' is independently of v, p and M.

Proof. Once we get a sup estimate (41) for a ball, the inf estimate follows from standard

2

2
elliptic theory. In particular, writing v~ = u»-2, then wu is a superharmonic function.

To finish, we need to use a covering argument for the annulus {p < |z| < pM}. O
Corollary 5.3. If v is a solution of (3), either v=! is bounded near the origin or
v Hz) w00 as x—0

Proof. Follows the steps of corollary 3.3. in [5], using the second part of proposition
5.1. O

6 Proof of theorem 1.2

We have proved the estimate

v(z) < 70% (43)

=

Now we would like to get the opposite inequality. Suppose that
. . 2k _ 4
lim inf |z| 20" (z) =0
z—0
By the Harnack estimate (42), also
. _2k —1
hr% |z|2k=av™ () =0 (44)
r—

We want to see that in this case the function v~! is bounded near the origin and thus
the theorem follows. So it suffices to establish (39).

Let’s review two results from [6]:

Proposition 6.1. Let v € C3(U), v >0, v € I‘Z, n > 2k. Then for all ¢ € C3°(U),
0 a big positive integer,

k
[ oo =Y an) [ o Vot 4 BG) (45)
U p U
where
k
B(o) S 30| [ ST vyl VoDt ot (46)
s=1 VU 4
and all the coefficients ci_s(y) > 0 for all for all
n — 2k

v>n- o 1 (47)



Proposition 6.2. For all € > 0, the error terms (46) can be estimated by

k
E QO) < EZ/O_k_S|vU|2sSO9v—’Y+C€Z/Uk(¢)¢9—akv2k—’y
s=1 Uy,

where the Ug(p) are groups of derivatives of ¢ of order 2k, and ap € R depending
on each of the Uy; these concepts are defined inductively in the following manner: the
starting point is, fixed s=1,...,k

Us(p)p™ = |Vep|*5p2°

For each integer I = 0,1,..., given Ugi %+, the following step s + 1+ 1 is of these
three shapes: (call s+1=m)

m—+1

m—+1
U™ @~ Om
-« _ 2(m+1) 2(m+1)
Un41p "4 = |VU,,| 2001 TOm 3mA1)-1 (48)

[Vo|?Up] pom—2

the ending point is s +1 = k.

We will use (45) for a suitable cutoff function. Take ¢ = nr, where n € C3°(B\{0}),
such that
[ 1 if e<|z|<R
N { 0 if |z|<e€/2,|z] >2R
and such that the derivatives the derivatives have a good bound €¢/2 < |z| < €, R <
|z| < 2R. The value of v will be chosen later. Now rewrite (45) as

/‘Tkv "z Z/Uk o[ Vo[* 0™ /Tk i’ T+ E(p)  (49)

with
k

E(p) S

s=2

/El;_sviSpj |vv|2(sfl)(p971v17'y

since we will look more carefully at the term in 751, Integration by parts gives:

ZTk lvzsojsoeflvlf'y
1
k-1g (2 o1 k-1 61 2—
i [ ST ) e :2_7/2% iy 1ot
/Za Tk 1 SOjgoe—%z—aur /ZTk s 202

(50)
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Substituting (9) into (50) we get:

—(n+2—v)/ZT§lvzwe‘lvl_” = /Zi’}'}lw@e‘lv?‘”
1] i,j
—(n—k+1) /ZO'k R e (7 /ZTk Loipj? 20?7

(51)

Now substitute (51) into (49)

k
/Jktpev_7 > Z:/(7;€5|Vv\23<,09v_7
s=1
k—1 0—2 2 ¥ _ k—1 9 22—y
t /ZT o 4 (6 - 1) /z:r oy’

n—k+1 61,1
E
Tht2—4 /Zak 1ViPip + E(p)

(52)

Group all the error terms in the line above in

k
E@) S / s Vo [ Vo] 101
s=1

Compute
.
i = 7177-1- E1(p)
[ miTj
pij=r" [— =E +5ij] 1+ Ei(p)
— _ _ 135

DT e =T = )T 1%2] +(n—k+1Log—1| n+ Ei(e)
.3 i3

Since T*~1 is positive definite and trace(T* 1) = (n — k + 1)oy_1, as long as we keep
1 < 6 we have

ZT’“ Ui + (0 = Dpigjr™] = CO1r 02 + i)

for some C'(6) > 0. If we keep v < n + 2 we can conclude from (52):

k
E(p) + Ei(¢) + / NS Y / O—s| V[P0 + / o 2" (53)
s=1

We have not been very precise with the errors Fj(y), however, they are of a similar
type to E(p) and they are treated in the same manner. Note that, in the positive cone,

k-1 k—1
Op—1 2 0,° =0 F
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so we actually have proved from (53)

k
E(p) Z / [U%O‘H_W_Q - UO‘_W} o + Z/ak_SWU\QSgogv_V (54)
s=1

To handle FE(¢) we need to control the error terms that appear in proposition 6.2.
Using the lemma below,

/Uk(gp)¢9—akv2k—w S /r—2k¢9v2k—7

1 _ 1 _
+ =5 oo — Oy
€ €/2<|z|<e R R<|z|<2R

(55)

Looking at the terms above one by one:

1

/ P 50 as e— 0
2k
€/2<|z|<e

using the previous estimate (43) and the definition of 7, as soon as we choose some

7>n—a<n;k2k> (56)

An analogous argument gives

1
5% / rfv?k=r < ¢
R R<|z|<2R

The other integral in (55) is bounded by

k=1 k—1
/T—2k<109v2k—7 < / <vTa+2—wT—2> <U—Ta—2+2kr2—2k) of

But because our assumption (44),

U—%a—2+2kr2—2k — 0(1)

and thus from (54) we obtain:
o> / [ bloto—y —2 o] 0
2 [ |vE T —w ©

Note that again, because of (44),

Now, theorem 1.1 gives

&7 < (va%“—w—?) (7“21)&_2%) (57)

~

Comparing the orders of (57), we quickly obtain

/vo‘klclr_zv%”cpe < 00 (58)
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But this is precisely the term (39) that we need to estimate because

/ U(a—?k)% _ Uk;1a+2—'yv—%a—n+a2"—k—2+’yn€
<|z|<R

~

k-1
_ / UTa—&—Q—'yT—Z@@

using Theorem 1.1, and where the choice of 0, 7 is

k—1 2k
( ’ a—n+a2k—2—|—7> <2k_a>——2+9 (60)

v:n—a(”gﬁk)w(l—;w

This is an admissible value for v because when a < k +1’ it can be chosen to satisfy
(47), (56), y <n+2and 0 > 1.

</U Frat2—y, (i antag—247) (555) 0 (59)

i.e.

Lemma 6.3. For the cutoff ¢ = rn constructed in the previous proof,

Ui(0)e? % <7270 + €210y aciai<a + B 10X (rejo)<2m)

Proof. The definition of the Uy is given in proposition 6.2. We are just interested in
the orders of r and ¢. Fixed s = 1,...,k, the initial step is

US(SO)g)Ost — ‘v80’23(p9723 5 ’VT|2S()097257]28 + |vn’23r2s¢9723 5 r 28(,09 +e 257,97]23
Next, assume that the result is true for s + 1, (call s +1=m)
Um(SO)SOQ_am S T—2m¢9 + —2m,r9772m

the proof for m + 1 follows easily from (48). O

Remark. We hope that theorem 1.2 is true also for n = 2k 4 1, but as in the case of
the Laplacian, it needs different estimates in (34).
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