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Abstract

We study the asymptotics for large time of solutions to a one dimensional parabolic evolution
equation with non-standard measure-valued right hand side, that involves derivatives of the solution
computed at a free boundary point. The problem is a particular case of a mean-field free boundary
model proposed by Lasry-Lions on price formation and dynamic equilibria.

The main step in the proof is based on the fact that the free boundary disappears in the linearized
problem, thus can be treated as a perturbation through semigroup theory. This requires a delicate
choice for the function spaces since higher regularity is needed near the free boundary. We show
global existence for solutions with initial data in a small neighborhood of any equilibrium point,
and exponential decay towards a stationary state. Moreover, the family of equilibria of the equation
is stable, as follows from center manifold theory.
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1 Introduction

We consider an idealized population of players consisting of two groups, namely one group of buyers
of a certain good and one group of vendors of the same good. The two groups are described by two
non-negative densities fp, fiy depending on (x,t) € R x R;. In the model, z denotes a possible value
of the price and ¢ the time.

At a certain time ¢, the vendors would like to sell the good, and the function fy (z,t) describes the
density of the vendors that are wiling to sell the good at price . Meanwhile the buyers will try to get
the good at a cheaper price. The transaction takes place when the two groups agree on the price: we
denote by p(t) the agreement price. The price p(t) will be the highest price the buyers are willing to
pay, and the lowest price the vendors agreed to sell the good. There exists a transaction cost, which is
denoted by a positive constant a. When a buyer gets the good for the price p(t), the actual cost of his
trade is p(t) + a, as well as the profit for the seller is p(t) — a. As a consequence, the buyer that got the
good for the price p(t), will try in a later time to sell the good at least at the price p(t) + a and the
vendor that sold the good for p(t) will try to get at a later time the same good for a price not higher
than p(t) — a. Thus the parameter a introduces some friction in the system.

The price p(t) results from a dynamical equilibrium between the two density functions. The ran-
domness in the problem is measured by the diffusion coefficient of the two densities fy, and fg, and is
denoted by a parameter o > 0.

The above situation can be described by the following system of free-boundary evolution equations:

B 2% -
B = TG = ADmpiy—a iz <p(t), t>0, 1)
felz,t) >0if z <p(t), felz,t)=0if x> p(t),
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together with

63# - 072832{;/ = )‘(t)(sxzp(t)+a if z > p(t)a t> 0, (1.2)
fv(z,t) >0 ifz>pt), frizt)=0ifz <pt),
where 2 5 2 5
__0 9B _ o 9V
M) = =252 (o), 0) = TSV (u(e) 1), (13)

The symbol § denotes the Dirac delta at the indicated point. The multiplier \(¢) represents the number
of transactions at time ¢, so (1.3) means that the flux of buyers which must be equal to the flux of
vendors. The initial conditions

fp(x,0) = fh(z) and fv(z,0) = fi/(z)
are such that, for some p; in R,

fhlx)>0ifx <pr,  fhlx)=0if x> p;
fo@)>0ife>pr, fhlz)=0ifz <pr.

The equation satisfy the property of conservation of mass. Indeed, both

p(t) +o0
/ fvdxr and / fpdx
—oo p(t)

remain constant for all ¢ > 0.

Equations (1.1)-(1.3) describe a mean-field model for the dynamical formation of the price of some
good that has been recently introduced in [13].

A important question we are going to address here concerns the long time behavior of the system:
will the good reach a stable price ( p(t) — const. as ¢ — oo ?7) or will the price keep oscillating in time
and never reach a stable value?

We remark here that in a bounded interval with symmetric initial data then the solution remains
symmetric for all times and asymptotics were proved by the authors in their previous work [10]. However,
the general case contains a new ingredient: a free boundary (see [1], for instance, for some background
and examples on these type of problems).

In this work we address the problem (1.1)-(1.3) in a bounded interval [—-A,B], A,B > 0, for
a < min{A/2, B/2}, with zero-Neumann boundary conditions. The aim is to show that if we start with
an initial condition that is near a general equilibrium point in some suitable function space, then there
exists a unique solution of (1.1)-(1.3), that decays exponentially fast in time to a unique stationary
state. In addition, in can be shown that the problem presents a two-dimensional family of equilibria,
and that this family is stable.

Although there is a well developed theory of semigroups and invariant manifolds for the study of
evolution equations (see for instance [2], [6], [7], [12]), the main novelty here is the fact that dynamical
system arguments can be used for a problem that presents a free boundary. This is possible since we
succeeded to treat the free boundary as a perturbation of the linearized problem. In fact, as we will
see in the following sections, the free boundary disappears in the linearization and appears again in the
nonlinear part of the problem as a term of lower order.

This allows us to study the linearized operator with the classical semigroup theory and to get time
estimates for the linear equation. Even though the linearized operator is a non standard one, we can
explicitly compute its eigenvalues and corresponding eigenfunctions. Unfortunately the eigenfunctions
do not build an orthogonal basis with respect to the standard product in L?. This complicates the
choice of functional spaces.



Indeed, the choice of function spaces is a delicate step in the proof. They need to be big enough to
allow delta functions in the equation, but on the other hand, higher regularity is needed near the free
boundary. In order to give a more explicit characterization of those spaces, interpolation theory and
pseudo-differential operators are needed.

For simplicity of the notation, we rewrite the problem (1.1)-(1.3) as the single equation

0 o2 0? .
87{ B 787;; = A1) [593:p(t)—a - 5w:p(t)+a] in [-A, B] xRy,
f(z,0) = fi(z) in[-A, B,

fz(_Avo) = f.L(B7O) =0,

(1.4)

where

and
f:: fB_fVa fI:fé_f\I/v andp(()) =PpI-

Moreover, for t > 0,
flp(),t) =0, f(z,t) >0forall z € [-A,p()), f(z,t)<O0forallze (pt),B].

The unknowns are two quantities: f(x,t) (the solution) and p(t) (the free boundary). Assume, without
loss of generality, that 0%/2 = 1.

The problem satisfies important conservation laws. Indeed, condition (1.3) implies preservation of
goods and players:

p(t) B
/ fdx=mq; and —/ fdr=mqo, forallt>D0,
—A p(t)

with my = ff; frdz and my := —fp]f frdx, my,ms > 0. Note that mj + ms represents the total
amount of players and my the amount of goods.

There is an equivalent way to write the problem as a coupled system of equations. To see it, we
differentiate the equation f(p(t),t) = 0, to obtain that

Jealp(t),1)

/
p(t)= 1.5
O=""TF00.0 (1.5
Thus our problem is equivalent to the system
Jt = fox — fw(p(t)7 t) [5$:p(t)fa - 6z:p(t)+a] s
_Jaa(p(t),1)) (1.6)

p(t)= AEODR

with boundary conditions
fx(_Aa t) = fx(B,t) =0,

and initial data

f(.’E,O) = fl(‘r)’ p(O) = DI

To finish, let us remark that the present work (existence and decay results for small initial data) is
the first step in the study of general asymptotics for this problem, which is an ongoing project of the



authors with L. Chayes and I. Kim. In particular, in the recent paper [3], global existence in time and
uniqueness for general initial data has been shown. The present paper is the only available information
so far on the asymptotic behavior.

Note that Chayes-Kim have recently studied an evolution Stefan problem in [4], [5] in relation to
particle systems. Although apparently unrelated to our problem, it shares many of its features.

2 Main results

First we set up the problem in the interval [—A, B], for A,B > 0: we seek functions f(z,¢) and
p(t) € (—A+a,B —a), t € [0,+00) that solve

ft = fa:oc - fx(p(t)a t) [53::p(t)—a - 5m:p(t)+a] ’
flp(t),t) =0, f(z,t) >0 forxze[-Apk)), f(z,t)<O0forze (pi),B], (2.1)
fw(_Aat) = fw(B’t) =0,

with initial data f;(z), pr satisfying

f1(p1) =0,
fi(z) >0for z € [-A,pr), fi(z) <0 forz € (pg, B, (2.2)
f1(=4) = f1(B) =0,
p(0) = pr.
The initial datum has mass
PI B
[Afjdx:ml, /p, frdz =ms, mqi,mg > 0. (2.3)

The equilibrium states of the above problem are well understood in Section 3. First, note that
system (2.1)-(2.2) has infinitely many equilibrium points, i.e., functions which satisfy equation

;gac - fa(c)(po) [5£=p°—a - 6$=p0+a] =0, (24)
where f9(p°) = 0. More precisely
_/\O(x_pO)’ HAES (po_a7p0+a)7
o) =1 =N, z e (p’+a,B), (2.5)
Na, r e (—Ap’—a),

for A > 0 and p° € (—A +a, B —a).

We denote with fo, the unique equilibrium point that is solution of the stationary problem (2.1)-
(2.3) (which means the only equilibrium point f° that satisfies also the preservation of mass condition),
and it is given by

—Aoo(T = Poc);, T E (Poo — @, Poo + a),
foo(z) = — Ao, T € (poo +a, B),
+ Ao, T € (_Aapoo - a)7

where po, and A, are uniquely determined by the conservation of mass condition

Poo B
/ food'r:mlv 7/ fOOdI:m27
—A Poo



and my and my are the constants given by the initial datum in (2.3).

We perform a perturbation argument. First of all, we linearize around any equilibrium point f° of
(2.4). Let f9(p°) = 0. Assume, without loss of generality, that p° = 0. We seek solutions that are
perturbations of this equilibrium, as

f(l’,t) = fo(‘r) —l—g(x,t),

where g is a solution of the problem
gt =Lg+ N(g). (2.6)

Here L is the linearized operator (studied in Section 4) given by

Lg:= gpx — gx(po) [5a:=p°—a - 59c=p°+a] + g(pO) [ /x:po—a - 5;::1704-0.] ) (2.7)

and N(g) contains the rest of non-linear terms. Note that the free boundary p(t) does not appear in L.
We first show that, apart from the zero eigenvalue, the rest of eigenvalues of L are strictly negative and
isolated, with spectral gap given by 4 > 0. Thus the linear problem g; = Lg has a very nice solution
coming from semigroup theory.

In order to state our main theorem, we need to fix precisely the function spaces. The basic regularity
we need to apply perturbation theory is L : X — X, with domain D(L) = Z, and N : Y — X for some
spaces Z C Y C X. In particular, if we use fractional powers of operators, then we need ¥ = X for
some 0 < o < 1. These fractional order spaces are simply the a-interpolation between X and Z.

Naively, we would like to use the spaces

Y =H"(-A,B), X=H"2%-AB), Z=H2"(-A,B),

for some 0 < r < 1/2. We remark here that the functions we consider will have homogeneous Neumann

boundary conditions, so they have a Fourier series expansion f ~ > fnen. Thus Sobolev spaces
H"(—A,B), r € R can be defined through the norm

1713 = 30+ w2

The space X is chosen so that L : X — X is well defined (note that the image of L contains derivatives
of ¢ functions). In fact for every 0 < r < 1/2 one can find 0 < o < 1 such that —3/2 > r — 2a.

However, in order to get a Lipschitz estimate for the non-linear term of the form

IN(9) = N(@)llx <Cllg=ally,

we realize that higher regularity is needed near the free boundary p(t). More precisely we will need
g € C*P. Thus, we will ask the function to (locally) be in some H* for 3 < s < 7/2. Even in the
symmetric case studied by the authors in [10], higher regularity at the free boundary was required.

To handle this issue, we introduce a cutoff function ¢ around the point p® = 0. For the rest of
the paper, we fix a small real number » > 0 such that 4v << a. Assume that p; € (—v,v). Let
¢ € C°(—A, B) be a smooth cutoff function such that ¢ =0in [-A, —2v]U[2v, B] and ¢ = 1 in [-v, V).
Fix 0 <r <1/2,3 < s < 7/2 and consider the space

X:={f e H"**(-AB) : of e H***(-A.B)}, (28)

with norm

1A llx = W er-2a—a,m) + 1 @F s 20— a,3) -



On the other hand, we set
7= {f cH™™2*2(_AB) : ¢f € HS—2a+2(—A,B)},

with norm

£l = 1 g sesn o + [ 6] .

Hs—2a+2(—A,B)
where QAﬁ is another cutoff function supported on (—3v, 3v) such that gz§ =1 on supp ¢. Then we have

Lemma 2.1. For any 3 < s < T7/2, there exist 0 < r < 1/2 and 0 < o < 1 satisfying all the above
requirements such that L : Z — X is a bounded operator and Z is dense in X.

The proof of Lemma lemma-bounded-operator is contained in [11], that takes a close look at this
kind of functional spaces. However, in order to make the present paper self contained, we rewrite the
proof in the Appendix.

For example, take s = 3.4, « = 0.9 and » = 0.2. Thus we can extend L to be an unbounded operator
L: X — X with D(L) = Z. We should ask the initial data to be in the space

Y= X = (X, Z)an,

given by the (real) interpolation between X and Z. Although we do not have a precise expression
for Y, in the work [11] we show a characterization of this interpolation space using pseudo-differential
operators; in fact, it satisfies Y C Y C Y where

YV:={f€H(-AB) : ¢f € H(-A B)},

and
Y:={feH (-A,B) : ¢f € H(-A,B)},

for some smooth cutoff function ¢ satisfying ¢ = 1 on the support of gZA>
The main result of this work proves the existence of a unique solution f(x,t) for all time ¢ > 0, if
we start with any initial condition f; close in norm of the function space Y to a general equilibrium
state f9, say
|fr =10l <p,

for some p > 0. We also establish exponential decay to a unique stationary state fo, (that might not
be the same as f°, but it is uniquely determined from the masses my, ms). Of course, fo will be very
near fY but more significantly, the solution f(x,t) will not leave the neighborhood of size p, i.e., we
have stability; center manifold theory provides a very elegant solution.

Theorem 2.2. Fized 0 < v < ¥, for any admissible equilibrium f° defined in (2.5), there exist p > 0,
C > 0 such that if we start with initial data fr € Y satisfying

[fr = F°lly <

then there exists a unique solution f(xz,t) of (2.1)-(2.3) for all time t > 0 with f(x,0) = fr(z) that
satisfies
fec ([0,40):Y),

and
1£Co8) = foolly < Ce (|1 = £l (2.9)
for allt > 0, where 7 is the spectral gap given in remark 4.3 and f is the unique stationary state that

satisfies
Poo I B B
RS
—A —A Poo Pr



An additional interesting ingredient is to see whether the size p of the neighborhood can be taken
uniformly on f°:

Theorem 2.3. The constant p in Theorem 2.2 can be taken uniformly, independent of f°, as long as
we restrict to the family of equilibria to the set Ay, where

A, = {foadmissible A0 > X} ,
for some x > 0.

Some comments on the structure of the paper: Section 3 gives precise formulas for the family of
equilibrium points. Section 4 computes the eigenvalues and eigenfunctions for the linearized operator
L, while in Section 5 we apply semigroup theory to understand the linearized problem. The main
steps in the proof of the theorem are contained in Section 6: first we give the necessary estimates on
the non-linear part in order to have local existence; then we show existence and stability of a center
manifold so that we have global existence and decay for small solutions, and finally we comment on the
stability.

3 The stationary state

First we review the construction of the stationary solution from [13]. Note that, each equilibrium point
is determined by two quantities (the masses m; and ms).

Lemma 3.1. Given any two positive real numbers my, mo, the system (2.1)-(2.3) has a unique station-
ary solution foo(2), Do if and only if

a <m<2A+2B—3a.

_— .1
2A4+2B —3a ~ mo — a (3.1)

Proof: Any equilibrium point of (2.1)-(2.2) must satisfy

fg?x = _)0 [535: 0_g — 5$:p0+a] in [-A, B] x Ry
f2(=4) = f2(B)=0
fO>0ifze (4,0, fO<o0ifze (’B).

The solution f° is a piecewise linear function given by

0 ifxe(0,p°—a)
=< 12, ifze (@’ —ap’+a)
0 ifze (@ +a,A).

The unique stationary state (foo, Poo) is computed with the above formula, if we impose the conservation
of mass property,

pOO B
my = foodx, Mo = —/ foodx.
A Poo

Since foo(Poo) = 0 and Moo = =0y foo (Poo) > 0, then
M1 =Aoc@ (Poo — 5+ A), M2 =Axt(B—psc— %),
thus,

M _Po—5tA
ma2 Bipoofg-



Note that the quotient m;/ms is an increasing function of p.,, as expected. From here we get

_ —a(my —mg) — 2Amsy + 2Bmy N my + mo (3.2)
Pec 2(my + ma) 7 a(-a+ A+ B)’ ’
To finish, the condition that ps, € (—A + a, B — a) is equivalent to (3.1). O

Remark: We we say that an equilibrium f°, fO(p®) = 0 as above is admissible if it satisfies (3.1). Note
that the set of admissible equilibria is a smooth family parameterized by mi, me, or by p°, A%, and it
has dimension two.

4 Linear stability

In this section we look at the eigenvalues of the problem in the interval [—A, B]. Let us assume that
we are in a situation where an admissible stationary state fO exists and satisfies p® = 0. Remark that
if m; > mg, then A > B, and analogously, if m; < mg, then B < A. On the other hand, m; = mao,
then A = B, and the steady state is an odd function, defined on the interval [—A, A].

First, we linearize the equation around the stationary state f°,p°. If f is a small perturbation of
f°, then we can see that it must have a unique root near p®; call it p(t). This perturbation must satisfy

ft = fzz - fz (p(t)a t) [5a:=p(t)—a - 6w=p(t)+a}
flp(t),t) =0
fo(=At) = f.(B,t) = 0.
We write f = f* +eg, p=p" +€q, g = g(x,1), g
gt = Gzzx — {fg(v)z(po)q(t) + g:r(poa t)} [69321)070, - 6m:p°+a] - f;(p)(po) [6‘;:1;07@ - 5;:p0+a] q(t)7

together with the boundary conditions g.(—A,t) = g.(B,t) = 0. Use that f2 (p°) = 0, and set
A0 = —£9(p°%) so that

q(t), differentiate in € and set e = 0. We obtain

{gt = Gzz — g:r(p07t) [51::p07a - (Sz:pOJra] + >\O [ ;:pofa - 6;:p0+a] Q(t)7 (4 1)

gz(—A,t) = g.(B,t) = 0.

On the other hand, we linearize the condition f(p(t),t) = 0 and this gives

so when we substitute the above formula in (4.1), we get the linear equation

{gt = Gzz — gm(poa t) [5m:p°—a - 5m:p0+a] + Q(PO) [5;21707@ - 5;::p0+a] 5 (42)

gz (—A,t) = g.(B,t) = 0.

Note that Lemma 2.1 assures that the operator L is well defined.

In the following, we show that the pointwise spectrum of the operator L consists only of real,
non-positive eigenvalues.

Proposition 4.1. Consider the operator
Lg := 9oz — 92(0) [6x=—a - 5w=a] +9(0) [5;/c=—a - 5;/1:=a] )

defined on the space X with x € [—A, B]. Its pointwise spectrum can be described by



e Zero is an eigenvalue with eigenspace of dimension two. Two linearly independent eigenfunctions
are given by

x, x € (—a,a) 1, x € (—a,a)
go(z) = < a, x € (a,B), holz)=1< 2, x € (a, B)
—a, z € (—A, —a) 2, xz € (—A, —a).

o The rest of the eigenvalues must be of the form

9 nTt o nm nm
=—« or a=—,— ——— or some n € 7.

a ] a 2A—a’' 2B —a’ f

FEvery eigenspace has finite dimension.

Proof: Ideas come from the previous work of the authors [10] on the symmetric case. Let u € C, and
g € X such that Lg = pug, with boundary conditions

g:v<_A> = gw(B> = 0. (43)

More precisely,
Gz — gm(o) [5:10:711 - 6z:a] + 9(0) [6:;::711 - 5Izza] = Hg-

We see that the function g must be discontinuous at —a and +a with jump,

g(a®) —g(a™) = 9(0),

i (4.4)
g(=a") —g(—a™) = —4(0),

and that its derivative too, with jump
/a+_ "a~ :_/O7
g'(a™) —g'(a”) = —4'(0) (4.5)

g (=a") —g'(=a") =4'(0).

It is clear that, except at the points z = +a, the function g must satisfy g,, = pg. Thus, the idea is to
find our eigenfunctions in a similar way as one finds eigenvalues and eigenfunctions for the Laplacian
operator in one space dimension using Fourier series.

Let a = +,/n € C, a # 0. We set

g1(x) = 16" + cqe™ " in (—a,a),
g2(x) = d1e™" + dae™ " in (a, B),
g3(x) = e1e?® + ege™ " in (—A, —a).

This g must still satisfy the boundary conditions (4.3) and the matching conditions (4.4)-(4.5) as given
above. When we impose (4.3), it is easy to see that g can be written simply as

g1(x) = c1e™” + cpe” 7 in (—a,a),
g2(z) =d [672QB+O“T + efaz] in (a, B),
g3(x)=e [62“‘4"““ + e ] in (-4, —a).

The matching conditions at £ = a imply that

d [e2*Pree 4 om0 4oy [—e — 1] 4¢3 [—e ™ — 1] =0,
d[e72eBtoe _ema0] p o) [ 4 1] 4oy [ — 1] =0



When we add and substract the two equations above we get:

Cleaa + o + de—QaB+aa _ O7

(4.6)
1+ e —de = 0.
On the other hand, we can substitute the matching conditions at z = —a to obtain:
1 [efoca + 1} + o [eaa + 1] —e [eQQAfaa + eaa:l — 0’
o e =1 +ep[-e*+1] —e [620“4_‘” —e*] =0.
Then, adding and substracting the previous two equations:
e~ e +oey— ee2o¢A7aa — O,
th (4.7)

c1 + ce®? —ee®? = 0.

Then we see that (4.6) together with (4.7) become an homogeneous linear system of four equations
with four unknowns. Performing row reduction in the system, we can compute the determinant of the
coefficient matrix, and indeed, it is a (non-zero) multiple of

e~ a _ 672aB 1— ef2aa 672aA — e9a)
(

Clearly system (4.6)-(4.7) only has the trivial solution unless one of the three factors above vanishes.
In this case, we must have that the real part of « is zero, and the imaginary part must take the values:

nwt  nw nm
(o) = ' 24—a’2B—a’ nez.
The eigenvalues must necessarily be of the form © = o2, which are all real and negative. The eigenspace
for each eigenvalue is finite dimensional and depends on the number of solutions of the linear system
above.
To complete the proof of the proposition, we need to check the zero eigenspace. Then we seek
functions g such that

g// - 9/(0) [5x:—a - 5:c:a] + 9(0) [6;:=—a - 5;:(1] =0.

In particular only the following functions gy and hg (and a linear combination of those) will be suitable

solutions:
{90(0) =0 and (4.5) is satisfied,

h((0) =0 and (4.4) is satisfied.

The corresponding zero eigenspace is given by a linear combination of gy and hg:

x, x € (—a,a) 1, x € (—a,a)
go(z) = 1 a, z € (a,B), ho(z)=2< 2, z € (a,B) .
—a, x € (—A,—a) 2, x € (—A, —a)

It is an easy computation to check that go and hg are linearly independent.
O
It is clear from the proposition above how to compute the eigenfunctions. For completeness here,
we show the explicit calculations of the eigenfunctions in case A = B = 1.

Proposition 4.2. Consider the operator
Lg = 9oz — 92(0) [02=—a — 62=a] + g(0) [5;:—(1 - 5;:(1] )

defined on the space X with x € [—1,1]. All the non-zero eigenvalues of L are given by:

10



1. For all n such that

2n 1
— ——€Z,
a 2
we have )
Mn = _(0471)2 fO’f’ Uy 1= ﬂv
a

with corresponding one dimensional eigenspace with eigenfunction given by

sin(a,x)
gn(z) =40
0,
. For all n such that
(2n+1)
a
we have
pn = — (o) for oy :

with corresponding two dimensional eigenspace given by the linear combination of the following

functions
sin(a, )
gn(z) = ¢ 2sin(a,x)
2sin(ay, ),
and
cos(ap)
ho(z) =<0
0,
. For all n such that
(2n+1)
a
we have
Mn = _(an)2

for ay :

x € (—a,a)
x € (a,1)

z € (—1,—a).

- -€ez,

2n+ 1)

)

a

x € (—a,a)
z € (a,1)
x € (—1,—a),

z € (—a,a)
z € (a,1)
x € (—1,—a).

2n+ 17

)

a

with corresponding one dimensional eigenspace generated by

cos(ay, ) z € (—a,a)
gn(x) =< 0 z € (a,1)
0, z € (—1,—a).
. For all n such that
n 1 ¢ 7, and n ¢ 7,
a 2 a
we have
tn = —(an)?  for a, = 2717%7

with corresponding one dimensional eigenspace generated by
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gn(x) =40 x € (a,1)
0, z € (—1,—a)
5. For all n such that
n — 1 &7, and — €17,
a 2
we have
fn = —(an)?  for a, = %Tﬂ

with corresponding two dimensional eigenspace generated by

sin(ap,x) z € (—a,a)
gn(x) =< 0 x € (a,1)
0, x € (_17 —(Z),
and
cos(apx) x € (—a,a)
hn(z) = < 2cos(apz) z € (a,1)
2 cos(a, ), z € (=1, —a).
6. For all n such that 5 i )
n n
2—a_§¢Z7 and 2_aa€Z,
we have 9
_ 9 _ 2nm
Hn (an)  for am: 5

with corresponding two dimensional eigenspace generated by

sin(a, (1 — a)) cos(an (1 — a))

_ - m sin(anz) + 2(1 4 cos(apa)) cos(ant),
gn(®) = cos(ap (1 — ),
0,
and
M in(a,z w -
ho(x) = 2(1 ~ cos(ana)) sinfane) + 2(1 + cos(ana)) cos(anz),

07
cos(an (1 + x)),

Moreover, for all n > 1, the eigenfunctions have zero mass, i.e.,

0 0 1 1
/gndx:/ h, dx =0, /gndx:/hndac:O.
-1 -1 0 0

12

z € (—a,a)

z € (a,1)
xz € (=1, —a),

z € (—a,a)

z € (a,1)
x € (—1,—a).



Proof: 'We have seen in (4.1) that all the eigenvalues are of the form p = —a? < 0. The construction
of the eigenfunction g is done piecewise in each of these three intervals: (—a,a), (=1, —a), and (a, 1),
using Fourier series. We seek

g1(z) = c1sin(ax) + o cos(ax) in (—a,a),
g2(x) = dy sin(azx) + dy cos(ax) in (a,1),
g3(x) = ey sin(ax) + e cos(ax) in (-1, —a),
with boundary conditions
g5(—1) = g5(1) = 0. (4.9)

The matching conditions (4.4), (4.5) are rewritten as

g2(a) = g1(a) = g1(0),

(
a a)=—g1(0
g}( ) = 93(—a) = —g1(0), (4.10)
ga(a) = gi(a) = =g (0),
g1(=a) = g3(=a) = 41(0).
The zero Neumann boundary conditions (4.9) give that
dy cos(a) — do sin(a) = 0,
e1 cos(a) + egsin(a) = 0.
Consider first the case cos(a) = 0.
This implies d2 = e3 = 0 and from the matching conditions (4.10) we get the system
dy sin(aa) — ¢ sin(aa) — ¢g cos(aa) = ca,
dy cos(aa) — ¢ cos(aa) + ¢o sin(aa) = —cy, (4.12)
—cy sin(aa) + ¢z cos(aa) + eg sin(aa) = —ca, ’

¢1 cos(aa) + co sin(aa) — eg cos(aa) = ¢;.

Consider now the case sin(aa) # 0: eliminating the constant ¢; from the first and second equation
n (4.12), we get
dy sin(aa) = 0,

which is satisfied only if d; = 0. Eliminating ¢; from the third and fourth equation, we get
e1 sin(aa) =0
which is satisfied only for e; = 0. Therefore system (4.12) reduces to
—cy sin(aa) — ¢o cos(aa) = ca,
—cy cos(aa) + o sin(aa) = —eq,

—cy sin(aa) + ¢o cos(aa) = —co,

¢1 cos(aa) 4 co sin(aa) = ¢y,

which is the unique solution ¢; = ¢ = 0.
Therefore consider now « such that sin(«wa) = 0: from (4.12), this yields to
—cy cos(aa) = ca,
dy cos(aa) — ¢; cos(aa) = —ey,
co cos(@a) = —ca,

¢1 cos(aa) — e cos(aa) = ¢y,

13



which has solutions:
di=e =c =0, for cos(aa)=1,

and
dy = 2c¢1, e; =2¢;, for cos(aa) =—1.

This proves Assertion (1) and (2).
Consider now the case cos(a) # 0.
From (4.11) we can write

sin(a sin(a
(), __, sin)

dy =da

cos(a) cos(a)

and from (4.10) we get the following system

ds cos(a(1l — a)) — ¢1 sin(aa) — co cos(aa) = cq,

dy sin(a(l — a)) — ¢1 cos(aa) + cosin(aa) = —cq, (4.13)
—cy sin(aa) + ¢o cos(aa) — eg cos(a(l —a)) = —ca, ’
1 cos(aa) + cosin(aa) + ez sin(a(l — a)) = ¢;.
Suppose sin(aa) = 0: the above system (4.13) reduces to
dy cos(aa) cos(a) — ca cos(aa) = cq,
dg sin(a) cos(aa) — ¢ cos(aa) = —ey,
s sin(a) cos(aa) — s cos(aa) =~ o
¢ cos(aa) — eg cos(a) cos(aa) = —ca,

c¢1 cos(aa) + eg sin(a) cos(aa) = ¢;.

If cos(aa) = —1, system (4.14) has a unique solution
d2 = €2 = C1 = 0,

and Assertion (3) is proven.

Otherwise, if cos(aa) = 1, we separate the case when sin(a) = 0 and sin(a) # 0.

For sin(a) # 0 system (4.14) has solution da = e2 = ¢3 = 0, which proves Assertion (4).
For sin(a)) = 0 system (4.14) has a unique solution

dy = 2ca, €3 = 2¢2,

and Assertion (5) follows.
Suppose sin(aa) # 0 and again cos(«) # 0. Eliminating ¢; from the first and second equation of
(4.13) we get
dy cos(a(l — a)) = da cos(a).

On the other hand, eliminating co gives

dy sin(a) = —dg sin(a(l — a)),

which implies, that do = 0 or a = gf—z Similar computations using the third and fourth equation of
(4.13) yield to e = 0 or a = gﬁ—’; However, we can check that do = ez = 0 does not produce any
non-trivial solution. For v = 22T combining the first and third equations of (4.13) we get that

dy cos(a(l — a)) + ea cos(a(l — a)) = 2¢2(1 + cos(wa)),

which implies
1 do + €5
== l1-a))——.
¢z = g eos(all =) T ina))
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Similarly, from second and fourth equation of (4.13) we get

ez — da

1.
c1 = —sin(a(l — a))m.

2

Assertion (6) is proven.
Summarizing, the structure of the eigenvalues follows the following scheme:

sin(aa) # 0 1no solutions
cos(a) =04 cos(aa) =1 (Assertion 1)
sin(aa) =0 )
cos(aa) = —1 (Assertion 2),
cos(aa) = —1 (Assertion 3)
sin(aa) =0 i =0 Assertion 5
cos(a) #0 (aa) cos(aa) = s?n(a) (Asser ?on )
sin(a) # 0 (Assertion 4),

sin(aa) #0 (Assertion 6).

Remark 4.3. We write the spectral gap as

5 Semigroup theory

In the following, we study the properties of the linear part of our equation (2.6), given by g; = Lg,
where the operator L is defined as in (2.7). In particular we will show that it generates an analytic
semigroup, together with time dependent decay estimates. We close the section with a very explicit
characterization of the ker (L), where

ker(L) = span{go, ho),
with go and hg defined as in Proposition 4.1.

To begin with, we review some important concepts from semigroup theory. Standard references are
the first chapter of the book [12] and also [14]. Let X be a Banach space with norm ||| y and let L be
a linear operator on X that has domain and range in X. Denote by o(L) C C its spectrum.

We say that L is a sectorial operator if it is a closed densely defined operator such that, for some
¢ € (0,7/2) and some M > 1 and real a, the sector

Sap ={A€C: ¢ < |arg(A —a)| < m, A\ #a}
is in the resolvent set of L and
(A — L)_1HX <M/|A—a| forall A€ S,q.

An analytic semigroup on a Banach space X is a family of continuous linear operators on X, {T'(¢) }+>o0,
satisfying

1. T(0) =1, T({t)T(s) =T(t+s) fort >0, s > 0.

2. T(t)x — x as t — 07, for each x € X.
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3. t — T(t)z is real analytic on 0 < t < oo for each z € X.

The infinitesimal generator L of this semigroup is defined by

T(t)x —
Ip— lim LWz—2
t—0+ t

9

its domain D(L) consisting of all x € X for which this limit exists. And viceversa, it is well known
that (see Theorem 1.3.4 in [12], for instance) if L is a sectorial operator, then —L is the infinitesimal
generator of an analytic semigroup {T'(t) = e *};>0; this semigroup gives the solution of the ODE
g+ + Lg = 0. Moreover, if (L) > =, then for ¢t > 0, we have the bounds

C
el <ce, fret < Ser

for some constant C. This implies in particular that Range (e~1*) C D(L).

Suppose that L is a sectorial operator and Ro(L) > 0. Then for any a > 0 we define the (—a)-
fractional power as

- 1 /OO —1 _—Lt
L %= —— t“" e dt.
L(a) Jo

The operator L™¢ is a bounded linear operator on X which is one-to-one. For o« > 0, L® is defined to
be the inverse of L=%, D(L*) = R(L™%). L is a closed, densely defined operator. We define

X*:= D(L%),

with the graph norm
]l o = L[| -

It is seen in the last section that the space X< is precisely the a-interpolation between the spaces X
and D(L).

If the spectrum of the operator L has a good structure, then we can split the space X. A set
o C o(L) U {0} =: 6(L) is a spectral set if both ¢ and 6(L)\o are closed in the extended plane
C U {oo}.

Theorem 5.1 (Theorem 1.5.2. in [12]). Suppose L is a closed linear operator in X and suppose o1
is a bounded spectral set, and oo = o(L)\o1 so oo U {00} is another spectral set. Let Ey, Es be the
projections associated with these spectral sets, and X; = E;(X), j=1,2. Then X = X; & Xa, the X
are invariant under L, and if L; is the restriction of L to X, then

Ll ZX1 — Xl 8 bounded,a(Ll) =01,
D(LQ) = D(L) OXQ and J(LQ) = 09.

The following lemmas will allow us to compare our operator L to the standard Laplacian. The first
one will be used in order to prove that our linear operator L is sectorial, while the second gives that
the spectrum of L := A + B consists only of eigenvalues.

Lemma 5.2 (Theorem 1.4.5 in [12]). If M is a sectorial operator with Ro (M) > 0 and if B is a linear
operator such that BM ™ is bounded on X for some 0 < a < 1, then M + B is sectorial.

Lemma 5.3 (Chapter II, section 5.13, and Chapter V, Corollary 1.15 in [8]). Let M be an operator
having compact resolvent and let B be a bounded operator on X such that the resolvent set of M + B
is non-empty. Then M + B has compact resolvent. As a consequence, the spectrum of M + B consists
only of eigenvalues.
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The next lemma is used in order to define the domain of a fractional power of an operator X*(=Y),
and to get a time decay estimate for the semigroup. This space is important because it is the space
of admissible initial conditions; the lemma tells us that it is enough to consider fractional powers of
the Laplacian to define it. However, a more explicit characterization of Y in terms of usual norms is
desirable - this is done in [11].

Lemma 5.4 (Theorem 1.5.4. in [12]). Suppose L is a sectorial operator, o1 a bounded spectral set for
L, 09 = o(L)\o1, Roz2 > v and X = X1 ® X is the corresponding decomposition. Assume also that M
is a sectorial operator with D(M) = D(L), Ro(M) > 0, (M — L)M~% is bounded for some 0 < a < 1.
Then using the norm ||z|| yo == [|M%z||, 0 < a <1, forz € XoND(M®*) and t > 0,

le™*] s < Crllellx ™™™,

le™ ]| g < Cr el o e™™,
for some positive constant C1.

Consider now our linear problem

gt = Lgv
9(x,0) = g1, (5.1)
gz (—A,t) = g,(B,t) =0.

where L : X — X is defined as in (2.7), and the initial condition g; € Y. Using the results recalled
above, we are able to prove now the next proposition:

Proposition 5.5. Let 01 = {0} and o9 be the rest of non-zero eigenvalues of L, defined as in (2.7).
Let By, Ey be the projections associated with these spectral sets, and X; = E;(X), j=1,2. Then we
have the splitting X = X1 ®@ Xo, where the X; are invariant under L, and if L; is the restriction of L
to X, then

Ly : X1 — Xy is bounded ,o(L1) = o1,

D(Lg) = D(L) ﬁXQ and U(LQ) = 09.

In our case, Eqx =ker(L), L1 = 0. Moreover, —Lo is sectorial generates an analytic semigroup T (t) =
el2t. This semigroup satisfies the estimates

IT()lly < Crllafxt™ e

. (5.2)
IT(@)z]ly < Cyllzlly e

for any 0 < v < 4.

Proof: Proposition 4.2 computes the spectrum of L. Apart from the zero eigenvalue (with eigenspace
of dimension two), the operator —L has a discrete and positive spectrum. Thus Theorem 5.1 splits the
space X: let o1 = {0} and oy be the rest of eigenvalues. Then X = X; @& X5 where X; = ker(L), that
satisfies dim(X;) = 2.

Next, we write =Ly = —A + B, where

B= (gx(po) [Jx:po—a - 5$:p0+a] - g(pO) [5;=p0—a - 5;=p0+a]) :

However, —A, x, contains only positive eigenvalues. Thus Lemma 5.2 applied to M = SAY x, and B as
above gives that — Ly is sectorial, once we note that D(—A“"X ) C D(B). In fact, since D(—Alax ) C
2 2

D(B), closed graph theorem implies that BA‘_X‘" is bounded.
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Next, we use Lemma 5.4 for M = —A|, , and S =« € (0,1), so
HethxHY <Oy |lz|x t™ ¥,

[el=tz||, < Cy [y e,

for some C] positive constant.

The solution of equation (5.1) can be written now as
g(x,t) = crgo + drho + €"**(g1),

with e7go+drho € X for some cr, d; € R that depend only on the initial condition gr, and e£2(g;) € Xo.

Although it is not usually known, in our situation we are able to give a more explicit characterization
of X; = ker L. It will be needed later.

Lemma 5.6. Given any g € X, g = g1 + g2, 9; € X;, i = 1,2, then in the basis of eigenfunctions
{90, ho} given in Proposition 4.2 we can write

g1 = cgo + dhy € Xy,
for

CcC =

ala— 2/3(@ ~38) {(ma+24)L[g] — (—a+2B)L1[g]},

1 : . (5.3)
d= oAy 25 \ % + Bl - (5 - adLigl}.

where I1[g] and I3[g] are defined as

Llg) = /ngaz, Llg) = /OBgdx.

Proof: We know that g = cgo + dhg + g2, for go € X5 for some c,d. If we integrate this expression we

obtain
B B B B
/ gd;v:c/ godx—l—d/ hodx—i—/ go dz,
0 0 0 0

0 0 0 0
/ gd:z::c/ goderd/ hodx+/ go dx.
A —A —A "y

However, because go € X5 (see (4.8)) we know that

0 B
/ 92d96=/ go dr =0,
—A 0

thus we conclude from the previous calculation that ¢, d must solve

B B
Bl =c [ gditd | hod
0 0

0 0
Il[g]:c/ goda:—l—d/ ho dx.
—A y\
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The integrals of gg, hg can be explicitly computed; we obtain a system of two equations and two
unknowns ¢, d

Llgl=c¢ (—% + CLB) +d(2B — a),

M)

Llg] = ¢ (% - aA) +d(—a+24),
whose solution is straightforward. O

Remark: Note that when we apply the previous result to our case, the functions I;[g] and I3[g] will
be time depending functions, more precisely

DI B p(t)
Il[g]:[Afldxf/() f"d;c—/o (f'+g) dz,

B B p(t)
Iz[g]:/ I d“/o £ da:+/0 (f°+g) da,
pI

where p; is the unique zero of the initial data f; and p(t) the unique zero of the function f(-,t) =

o) +g(1).

6 Non-linear theory

Let fO, p° be an equilibrium point as specified by the hypothesis in the theorem. We try to construct
a solution of equation

fe = fow = fo(0(t)) [0p(t)-a — Op(t)+a]
as a perturbation of this stationary state, i.e.,

f(.%‘,t) = fo(x) —|—g(x,t).

Consider the space V of functions f : [~A, B] — R that have only one root p € (p° — v, p® + ) and
that are positive in [—A, p), negative in (p, B]. We will allow perturbations g such that g(:,¢) for each
fixed time belongs to the space

Up={9€Y : lglly <p, f*+g€V}, (6.1)
for some p. It is essential that this neighborhood is open and uniform in some sense:
Lemma 6.1. Given p >0, and 0 <w < p, if w < min {\°, A\°}, the neighborhood
{geY : lgly <w}
is contained in U,.

Proof:  Assume that ||g||y, < w as specified in the hypothesis of the lemma. Let us prove that f = fO+g¢
has an unique zero in the interval (—v,v). First of all note that f is strictly monotone decreasing in
the interval (—v,v) since

fo(z) = fg(x) + g.(2) = 04 gz(x) < N tw<o,
for w < AY. Moreover

FE) =X+ g(—v) > I\ —w >0, fv)=—|\lw+g) < —|\v+w<O.
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This implies that f has an unique zero in the interval (—v, v). Let us call this unique zero p. It holds
that —f,(p) > A° —w > 0. A similar argument gives that f is positive in [-A,p) U (p, B]. O

Now we relate the nonlinear problem to the linear one, in order to obtain a formula for the non-
linear part. Let f(z,t), p(t) be a solution to our problem. We write f(z,t) = f°(x) + g(z,t), and
p(t) = p° + q(t). Assume that ¢ € (—v,v). As in the calculation in Section 4, we expand for each time
t. Thus

0= f(p(t),t) = f20°) + af2 (0°) + 9(¥°, 1) + Ru(t), (6.2)
where
Ri(t) = g(p(t),t) — g(0°,1).
But fO(p") = 0 and f9(p°) = —\°. For simplicity in the notation, we drop the dependence in ¢. Then
from (6.2) we can write

9(@°) + R
q= Tl- (6.3)
On the other hand, we expand
Fo((),t) = F20°) + 9o (0%, t) + Ro = —=X° + g.(p°, 1) + Ra, (6.4)
where
Ry(t) = g2 (p(t), 1) — 92(0°, 1),
and also
6p(t):|:a = 5p0:ta + q51/,oia + R? (65)

When we substitute (6.3), (6.4) and (6.5) into the equation for f, after some computation we obtain
the following equation (where we group the terms of the same order)

0=f7 = fou + f2(0°)[6p0—a — Gpo-+a]
+ (9t — Lg) (6.6)
— N(9),
for
N(g) =Mo(R5 — Ry)
+ I (‘%"—a - ;:>O+a)
- gw(po) [(6117!1 - 51,0,&) - (6p+a - 5p0+a)] (6.7)
~ Ra By~ p4a)
=:N'(g) + N*(g9) + N*(g) + N*(g).
Thus we have proved that
Proposition 6.2. Fized any admissible equilibrium f9,p°, then problem (2.1)-(2.2) is equivalent to
gt =Lg+ N(g)
9(x,0) = gr (6.8)
92(—4,0) = g:(B,0) =0,
for some g(x,t) that satisfies
forgtt)ev,
where L and N are given in (2.7), (6.7), respectively, and gr = fr — f°. The equivalence is simply

f=1+g
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6.1 Lipschitz estimates
We have that the non-linear part N is locally Lipschitz in U,:

Lemma 6.3. Fiz p < ¢ \° for some c positive constant less than one. We have that the operator N
given by (6.7) is Lipschitz in the neighborhood U,, given in (6.1). More precisely,

IN(9) =N@lx <Cllg—dlly
for all g,g € U,. The constant C' depends on p and X.

Proof: Let g,g € U,, with roots p,p € (p° — v, p® +v). Let p=p° + ¢, p = p® + ¢. From (6.3) we can
estimate the difference |¢ — G| by

9l < 5 lotr) ~ 367

IN

o {lop) — 90| +19(5) ~ 3(7)1)

1

<o |la—d- sw {o."+ O+ suwp  {|g@+&) —a(° +9)|}|-
e(—vw) £€(pO—v,p0+v)
If
% =c<l1,
it holds

- 1 _
9= < G519~ Flea-vpnny

Now we compute |[N(g) — N(§)||x- The definition of negative fractional Sobolev norm of order —#,
0 >0,is

el g-o = sup (@, p).
18]l y0=1

In our case, we will take § = —r + 2a¢ > 0. Note that for an exponent 3/2 < 6 < 2, we have that
HY(—A,B) Cc CYA(-A, B).

Since Rgt = Opta — Opoq — q5}’3

0_,» We can easily estimate ||N1(g) - Nl(g)HX7 as follows:
HREJ}E - RétHX < ||6pia - 5ﬁiaHH*9(—A,B) + ‘q - (ﬂ : H(SIIJOiaHH—e(_A7B) .
The first term can be bound by

[y = psallg-ocam < | s {160+ @) — o= a)ly < lp—pl=la—dl,
HO =

taking into account that H%~! ¢ L> for 3/2 < 6 < 2.

For the estimate of N2(g) — N2(g), it holds

:no—aHH—e7

H (Rl - Rl) Oal = HR1 - Rl“ 5,

where

| B = Ra]| < l9w) = 50) + la0) - 35)| + |96") — 30°)|

S 2 ||g - g”CO(pO—u,pOJ,-l/) + ||g||C1(p0—y7p0+u) |q - qN| .
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On the other hand, for N3,

Hgm(po)[épfa _'5p0—a] _'gw(po)[éﬁ*a _'5P0—a]|LX
S |g(p0) - g(p0)| ||5p7a - 5p0—a||H79 + |§m(p0)| ”(S;Dfa - 5[;711”}[79

S ||g - §||Co(p0—u7p0+1/) + ||§||C1(p0—y,p0+u) ||5p—a - 515—0«HH*9 .

And for the last term N,

HRﬁ,,,a — Rabyoa

S IR B = o)+ || (Re = Re) b

< |Ral 16y-0 = 5-all o + | Rz = Ba| 185-all o -

Since
|R2| = |92(p) — 92(0°)| < ll9lle2po 1 po 10y lal
it holds
|Ro = Bo| < 192(0) = 90 (D)) + 192(5) — 5B + |3 (6°) — 90(2°)]

g HgHCQ(po—y,po—H/) ‘q - Q| +2 ||g - chl(pO—yJ)O—i,-u) (69)

< (Soct=g +2) la-dly

In particular, there exists a constant C, such that
IN(9) =N@lx <Cllg—dlly

for every g, g € U,, where C' = max{l, ﬁ_c)} . O

The previous estimate can be improved near the origin, in fact, DN (0) = 0. This estimate is needed
in order to pass from local to global existence. More precisely,

Lemma 6.4. We have that

IN(@)lx =olglly), when |gly — 0. (6.10)

Proof: The previous lemma implies that [N (g)| x = O (||glly/) when | g||y, — 0. For the improvement
we need, take a perturbation of the form f = f° + eg for some ¢ > 0 small. Let p be the root of f near
po- Because of (6.3) we can write p = p° +eq for ¢ = %ﬁ)
that because of the Taylor theorem we can write

. Assume ||g||y, = 1, for simplicity. First, note

+ _ ’ !
R3 = |: m?ia - 5p°:i:a:| ’
for some }xg, - p0| < ev. We compute

||5:Iv37a - 51/)0711”]{—9 = Ssup ’¢/(.’E3 - CL) - (b/(po - (l)
Il yo=1

, (6.11)

where § = —r + 2a. Then, because of our choice of 6, H?(—A, B) c C1#(—A, B), and from (6.11) we
deduce that
[—_— < cé’.

r3—a pofaHH—s =

As a consequence,
HNl(eg)HX < Ce'th,
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Next, note that Ry = € [g(p) — g(p°)], so that |Ri| < €?[|g||c1 ¢, and this gives a bound for N2. We
handle the rest of the terms in a similar manner, and we conclude that

IN(9)llx < Coe'*7.
for some C5 depending on ﬁ, but independent of | g||y. The lemma is proved. O

Remark: The choice of s in the definition of the function space Y is made here. In particular, we need
C%# regularity near the origin in order to have a Lipschitz estimate in Lemma 6.3.

6.2 Local existence

First we review some basic facts about the nonlinear evolution equation

{gt=L9+N(g),

9(0) = 1. (6.12)

Here we always assume that L is a sectorial operator, U an open subset of Y = X for some 0 <
a < 1land N : U — X a locally Lipschitz function. More precisely, given any g € U, there exists a
neighborhood V' C U of g such that for all g, g € V, it holds

IN(g) = N(@II < Cllg = dlly

for some constant C' depending on the neighborhood V.

A solution of this initial value problem on (0,¢;) is a continuous function g : [0,¢;) — X such that
9(0) = gr; on (0,t1) we have g(t) € U, ¢g(t) € D(L) = Z, ‘;—‘Z exists, t — N(g(t)) is locally Holder
continuous, f00+” IN(g(t))]| dt < oo for some p > 0; and moreover the differential equation (6.12) is
satisfied on (0,¢1). In particular, we have the Duhamel’s formula

t
alt) =ePgr + [ eHIN(g(s))ds,
0

It is well known that

Theorem 6.5 (Theorem 3.3.3 in [12]). Assume that L is a sectorial operator, 0 < a <1, and N : U —
X, U an open subset of X%, and N s locally Lipschitz. Then for any gr € U, there exists 0 < T = T(gy)
such that (6.12) has a unique solution g on (0,T) with initial value g(0) = g;.

Remark: In fact, it is true that
g€ ([0,T),X).

Let g1 = fr — ¢°. The previous theorem assures local existence in time for g if g; € U,. Then,
Proposition 6.2 gives that, the function f(z,t) = f°(x)+g(x,t) we construct is a solution to our original
problem. Moreover, it has the right signs: it has a unique root in [—A, B], call it p(¢), and it is positive
in [—A,p(t)), negative in (p(t), B]. The proof is similar as in Lemma 6.1.
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6.3 Existence of a center manifold

In the present section we give the proof the existence of a center manifold for our problem. Here we use
follow the approach of chapter 6 in the book [12], that we find very clear and suitable for our purposes;
although [6] is the classical one for applications in partial differential equations. Other references are,
for instance, [7] and [2].

We consider the equation (6.12). A set S C X® is a local invariant manifold if for any g; € S,
there exists a solution g(-) of the differential equation on an open interval (¢1,¢2) containing 0 with
g(0) = gr and g(+) € S for t1 <t < ty. We say that S is an invariant manifold if we can always choose
(tl, tg) = (—OO7 +OO)

In particular, for a coupled system

(91)¢ = N1(g1, 92),
(92)t = La(g1 + g2) + Na(g1, 92),

we look for invariant manifolds of the form S = {(g1,92) : g2 = o(¢1)}. It is well known that:

Theorem 6.6 (Theorem 6.1.2. in [12]). Let X1, X2 be Banach spaces and assume —Lso is sectorial in
Xo. Let U be a neighborhood of the origin in X§ for some o < 1. Suppose that

1. The operator Ny : X1 x U — X5 is locally Lipschitz with
[N2(91,92) — N2(g1, G2) [l x, < K (||91 —aillx, +1lg2 — §2||X§) ; (6.13)

and
[N2(g1, 92)ll x < N. (6.14)

2. The operator Ny : X1 x U — X7 s locally Lipschitz with
IN1(g1,92) = N1(91, 92) L x, < wellgr — Gallx, + Mz lg2 — Gall xg - (6.15)

3. There exists some vy > 0 such that

H6L2tHX2 < Cre Mot H(—Lg)a6L2tHX2 < Cit= %t fort > 0.
4. For some positive constant D,

{92 lgallxs < D} CU and ClN/O e 0tdt < D.

5. For some positive constant F,
0= /iCl/ u~ e ount EM2)u gy, (6.16)
0

has

E
0 < —— and Hmax{l,

(L+E)My\ _
~“1+EFE '

n+ MyFE
Then there exists an invariant manifold (the center manifold)
S={(91,92) : g2 = 0(g1), —00 <t < 400,91 € X1},

with
lo(g)llxs < D.

and
lo(g1) —a(@)llxg < Ellgr —anllx, -
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Remark: If p < v and k is sufficiently small, we can easily satisfy condition 5 above.

Remark: Note that condition 4 and 5 ensure global in time existence of solutions, that have been
proven to exist only locally in time in Theorem 6.5. In fact, if the constants Cy, Cs,, N etc satisfy the
above conditions, it is easy to check that (see Theorem 5.1.1 in [12])

lgellxs <o, VEE(0,T).

This implies that the solution exists for all time (Theorem 3.3.4 in [12]) and stays in the neighborhood
U,i.e.,
lg2llxg < p, V€ (0,+00).

In the following, we check that Proposition 6.6 can be applied in our problem. First, Proposition
5.5 shows that we can split X = X; @ Xy with X; = ker(L). The subspace X; has finite dimension
two. We write g = g1 + g2, g1 € X1 and g2 € X5. Let L; be the restriction of the linear operator L to
X;,i=1,2, and let P be the projection on X; along X5. We denote

Ni(g1,92) == PN(g1+ g2), Na(g1,92) := (I — P)N(g1 + g2).
Thus, our problem (6.12) is equivalent to

{ (91)t = N1(g1, 92),

(92)t = L2(92) + Na(g1, 92)- (6.17)

In order to apply Theorem 6.6, we need to check the Lipschitz condition of the non-linear terms. In the
following proposition we give a characterization of Ny and Ns.

Proposition 6.7. Consider any g(-,t) € X such that f° + g(-,t) has a unique root in [—A, B], denote
it by p(t). Then there exist constants v1 and o depending only on A, B,a such that if g is written as
g=g1+9g2, g € X;, i =1,2, we can write

Ni(g1,92) = v1Ra2(t)go + V2 R2(t)ho,

where go, ho are the eigenfunctions of the zero eigenvalue given in Proposition 4.2, and Ro(t) is defined
as in (6.4)
Ry(t) == ga(p(t)) = g2 (po)-
Proof: We write
N(g) = Ni(g1,92) + Na(g1, 92), (6.18)

where N;(g1,92) € X;, i = 1,2. Because {go, ho} is a basis for X7, we can write

0 B
Ni(g1,92) = k(8)go + =(t)ho, / Na(gr,g2) do = / Na(gr,g2) da =0, (6.19)
—A 0

for some k(t), z(t) functions. The exact value of these coefficients can be computed thanks to Lemma
5.6.

On the other hand, consider the expression for N(g) given in (6.7). If we integrate it from 0 to B,
for each fixed time, we obtain that most of the terms cancel and we are left with

B
LIN(g)] == / N(g) de = Rat).

A similar integration from —A to 0 gives that

0
LN(g) = / Nig)do = ~Ra(t).
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where Ra(t) is defined as in (6.4). It follows that I1[N(g)] = —I2[N(g)] and from (5.3) we get

_ 2(~a+ A+ B) B A-B
MO = o o —em 20 2= o —om

Ry (1),
as desired. O

With all these ingredients we can prove that:

Proposition 6.8. Fized an equilibrium point f°, there exists some p > 0 such that there exists a center
manifold for (6.17) in the neighborhood U, with

lo(g1)lla < D,

and Lipschitz condition
lo(g1) — (gl < Ellgr — gull-
for D, E given as in Theorem 6.6.

Proof: It is a consequence of Theorem 6.6, but we need to check carefully the constants involved.
First, note that the operator — Ly generates an analytic semigroup and satisfies the estimates given in
(5.2)

le" ][, < Cre™' [[(=La)e™", < Crt™e™",

for some 0 < a < 1 and 0 < y9 < 4.

Next, we look at the non-linear part. We will work in a neighborhood U, for some p < min{Ag, vAo}
so that we are in the situation of Lemma 6.1.

Lipschitz condition (6.13) follows from Lemma 6.3. On the other hand, (6.15) is a direct consequence
of Proposition 6.7 and (6.9). The Lipschitz constants k, u, Mo depend on p. More precisely, these

constants can be estimated by
1

(I —2c)X0
when p < eA? for some ¢ < 1. Fix ps such that condition & is satisfied for all p < ps.

Now, in order to check condition 4, we need Lemma 6.4, since the Lipschitz estimate for NN is not
enough. We have seen that in this case,

O(p) inU,,

1+
IN(9)llx = C2llglls™”,  when|lg]ly — 0,

for some 0 < B < 1and Cy =0 (ﬁ) Then looking at (6.14) we can write

2
N = FpHB inU,.

Choose D = ¢p , with ¢ < 1, we get
2 o0
Cl—opﬁ/ u”Ye 0%y < c.
A 0

Choosing p small enough, condition 4. is satisfied.
We conclude that the solution exists globally in time and there exists an invariant manifold

S =1{(91,92) : 92 = 0(g1), —00 <t < 400,91 € X1},

as we wished. O
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6.4 Stability of a family of equilibria

Now we try to understand the decay near the center manifold. We are given an initial condition f;

with masses
PI B
/ fr=my, */ fr=ma.
—A pI

Assume that it satisfies H fr— f0||Y < p for some p small enough that will be specified later. Here
f0 is any of the stationary states described in Section 3 with masses 11,72 (not necessarily equal to
mi,mz). We can take, without loss of generality, p° = 0.

By linearizing around f°, we are going to show that there exists a solution f of the system with
initial condition f;, that exists for all time, and that decays exponentially to a stationary state f.o.
Moreover, fo is chosen as the unique stationary state with

Poo B
/ foo = ma, */ foo = ma,
—A Poo
for foo(Poo) = 0.

Global existence and asymptotic decay are given by

Theorem 6.9 (Theorem 6.1.4 and Corollary 6.1.5. in [12]). In addition to the hypothesis of Theorem
6.6, assume that dim X; < oo, and

!/

1+ F
r;:a(1+1\427 + ) <1, (6.20)

for W/ = p+ MyE. Then S is uniformly asymptotically stable with asymptotic phase. Specifically, there
exist 6 > 0, ¢ > 0 so that any solution (g1(t), g2(t)) with initial condition satisfying

192(0) — o (g2(0) s < 6.

exists for all time t > 0 and there is a solution g1(t) of
(@)t = N1(g1,0(g1))
such that, fort >0,
lg1(8) = g1 + llg2(8) = (31 (D)l xg < Ce™ [g2(0) — o (91(0)) ] xs -

where )
Y= —(y—p)r== >0,

Remark: In the proof of this theorem, § is chosen so that the solution stays in the domain of existence
for all time ¢ > 0, that it is equivalent to

kCie W5 < D/2. (6.21)
Moreover,
_ Ma(CLK)?
v

where k£ and K are a constants depending only on «.

Thus in our problem,

Corollary 6.10. The center manifold constructed in Proposition 6.8 is an attractor if we start with
initial condition gr € U, for some p small enough.
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Proof: 'We take p as in the proof of Proposition 6.8. The value of § is given in (6.16). It is clear that
we can take a smaller p so that (6.20) is satisfied and p < ¢ for § given in (6.21). The corollary is a
consequence of Theorem 6.9 and the remark afterwards. O

Up to this point, we have reduced the problem to understand how the trajectories look like inside
the center manifold.

Proposition 6.11. Any trajectory in the center manifold of Proposition 6.8 must be stationary.

Proof: A trajectory in the center manifold is given by
g=91+92, g1 =c(t)go+dt)ho, g2 =0(g1).
In order to find the coefficients c¢(t), d(t), we substitute this solution in (6.17),
¢go + dho + 0, (0(g1)) = L(gr + g2) + N(g1 + 92),

and we project onto X7, thus '
¢go + dho = N1(g1 + g2).

We have an explicit formula for the right hand side, thanks to Proposition 6.7. Then, looking at each
eigenspace, we obtain a system of ordinary differential equations for ¢(t), d(t):

{ ¢=mka0), (6.22)
d = 12Ra(1),
where 71,72 are explicit constants depending only on a, A, B.
We claim that this system of ODE’s has a unique global solution. For this, consider
g9(x,t) = c(t)go + d(t)ho + o (c(t)go + d(t)ho).

It is easy to check that, for —v < p(t) < v and go, hoy as in Proposition 4.2, it holds

Gt = O+l ), g(0,8) =c)(1+0]_,).
Taking into account that Ra(t) = g, (p(t),t) — g=(0,t), the above system becomes

{ é=mct)(of,_, ., — . (6.23)
d = ~d(t) (Ufm:p(t) - 0‘/2:0).

Theorem 6.6 ensures that o is a Lipschitz function. It follows that the right-hand side of (6.23) is also
a Lipschitz function with respect to the function ¢(t). Existence of a unique solution locally in time is
proven.

We claim now that ¢(t) = ¢; and d(t) = d; solve system (6.23). Let g1(x,t) = crgo(x) + drho(x).
We integrate for x € (—A,0) equation

(91)¢ = Ni(g1,92),

we obtain that

d 0 0
dt J 4 —A

Thus, the claim is proved. This implies that system (6.22) has an unique global in time solution
c(t) = ¢y, d(t) = dy (the constant one). O
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In general, the center manifold is not unique and it does not consist only of the stationary points.
However, in our case, the set of stationary states has dimension two and is contained in the center
manifold. This is a special case and appears in other works, see for instance [9] on the Navier-Stokes
equation, that has a similar behavior. In particular,

Corollary 6.12. Our center manifold is exactly the set of equilibrium points for (6.17), i.e.
{9€Us: g=g+92.01 € X1,920=0(gq1)} ={9 €U, : Lg+N(g) =0}.

Now we can finish the proof of Theorem 2.2. For each initial datum f; in the neighborhood U,,
we have built a solution of the nonlinear problem for all time ¢ > 0, of the form f = f° 4 g, and that
converges exponentially to an stationary state, that may not be the same as f°. Since we have already
classified all the stationary solutions, in particular, because of conservation of mass, it has to be the
precise foo.

Note that any stationary solution f., can be written as a shifted zero eigenvector in the following
way:

foo() = Aogo(T — pec) T € [—A+ peo, B,
Oo )\oogo(fA) T e [7A, -A +poo}'

6.5 Some final remarks

In this last section, we group together a few remarks. First, we can write a more explicit formula for
the center manifold. Consider f° a general equilibrium point with f°(0) = 0. Consider f.. the unique
stationary state corresponding to the initial datum f° + g7, with g; € Up. Let gr be decomposed into
our basis of eigenfunctions
gr = crgo +drho + gr, g1 € Xo.
The corresponding solution f(x,t) = O+ g1 (x,t) + ga2(x,t) converges exponentially fast to the equilib-
rium point
foo = f* 4 c190 + drho + o(crgo + drho),

where crgo 4+ drho + o(crgo + drho) belongs to the center manifold. It holds that
0
hi(cr,dr) ::/ food = Asoa (poo — % + A) — 25292 = (c1 + X)) 1 [g0] + di 1 [ho],
—A

B
ho(cr, dp) :=/ foodr = 22p2 — Aoct (B — pos — ) = (1 + A°) Ia[go] + d1 I2[ho),
0

taking into account that any general equilibrium point f° can be written as f© = A%gy. Inverse function
theorem shows that given ¢; and d;, one can uniquely determine f., (or, equivalently, determine pu,
and \y,) from the above formula. More precisely

()\oovpoo) = Hil(hl(cladl)a hQ(CIadI))v

Xa(p—2+A)-3p? )
H(\p) = 2 2P )
v <§p2—m(3—p—2)

where

In fact, we can compute its derivative DH (A", 0) and get

a(—%—i—A) P )7

- ( 2474 2

that is positive definite because

det DH(AY,0) = \°a*(B + A —a) > 0.
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The inverse function theorem states the existence of a neighborhood near (A%, 0) such that the function
H is invertible (and continuous). Therefore one can write our function o as

o(crgo +drho) = —(cr + A% go + drho + foo (H*(ha(cr,dr), ha(cr, dr))).

Remark: The regularity of the free boundary p(t) is given by the following argument: since f(-,t) €
C?*P(—v,v) and f,(x,t) > cA? for all z € (—v,v), the function

N )
PO == )

is uniformly bounded in time. This implies p(¢) is Lipschitz regular V¢ > 0.

And to finish, we would like to see that the size of the neighborhood does not depend on the
equilibrium we start with. This is achieved through a careful control of constants. In fact taking as
family of equilibria all the functions f° such that

A= {foadmissible : A0 > X} )

we can see that the constants C' and Cs in Lemma 6.3 and 6.4 are uniformly bounded with respect to
A0, Tracing back the constants in the proofs of this section, we have Theorem 2.3.

7 Appendix

In this last section we give the proof of Lemma 2.1. The proof of this result in a more general setting
is included in the forthcoming paper [11]. For completeness, we briefly summarize here the main steps.
Assume, without loss of generality, that A= B =1, a = 3/4.

Consider the Hilbert space H?(T!) for any p € R, with norm given by

1 g =D+ 021l

where f,, are the Fourier coefficients of f in [=1,1], i.e., f ~ 3 fnen.
The second functional space we deal with is Hf; (T'), which is defined through the norm

1Al = 01

Here the function ¢ denotes a smooth cutoff function with support on [—1/2,1/2], identically one on
[—1/4,1/4], strictly increasing on [—1/2, —1/4], and strictly decreasing on [1/4,1/2]. The intersection
space X := H? N HJ has a norm defined as

Ifllx = Lo + 110 | gra -
The Laplacian operator acting on X can be written as,
Af = Z/\nfnena An ~ 7712’

where )\, are the eigenvalues of the Laplacian.
Our aim here is to find a functional space Z dense in X such that A : Z — X is a bounded operator.
We claim that this functional space is given by

7 = HPT2 0 gIt2
d) b
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where quS is another cutoff function such that 513 = 1 on the support of ¢.
The choice of the cutoff functions ¢ and ¢ implies that

SA(Sf) = dA(S)-

As a consequence, the operator A : Z — X is bounded.

The proof of the density of Z in X requires some technicalities: first, we will prove that periodic
C°°-functions are dense in X. This means that given fy € X and € > 0, we will find a smooth sequence
fe such that || fe — folly <e.

By taking a collection C of overlapping intervals covering [—1, 1], we construct a good approximation
for fy in each subintervals of C. Consider for example

C= {[717 71/2]3 [75/87 71/4]3 [73/87 3/8]7 [1/4v 5/8]7 [71/23 1]}

Once convergence in each single subinterval is shown, convergence in the whole interval [—1, 1] follows
from the convergence in the single subintervals by a partition of unity argument.

The convergence in HP is guaranteed by the regularity of the heat equation. Indeed, let f(x,t) be the
solution of the heat equation f; = Af with initial condition fy. Then, if fo = > fnen, it is well known

that X
f(xa t) = Z eAHtfnen

satisfies f — fo in HP when ¢ — 0. Moreover, also f — fo in HY on [-3/8,3/8], away from the
vanishing points of the cutoff ¢.
On the subinterval [—5/8, —1/4] we regularize the function fy as f. = 0. * fo where 6 is a mollifier with
support in (0,1) and 0.(z) = %9(1‘/6), with supp 0. = (0,€). Since fo € HP, it is known that f. — fo
in HP.

It remains to prove that ¢f. converges to ¢fy in H?: since ¢fy € HY9, one can consider a small
shifting ¢(x — t)fo(x) € HYI for t € (0,¢), so that ¢(x)fo(x +¢) € H? In this way, the function
() fe(x), defined as

o(x)fo(x) = o(x) / " folar + 0)0.(0)dt, (7.24)

still belongs to H? with norm uniformly bounded with respect to €, depending on ||¢ fol| ;.-
The term ||¢fc — ¢ fol| . can be rewritten as

[¢fe = follga < lo(fe = o)l ga + 10 = V)l ga + 16(fo — V)l o »

where . 1= 0, x .

The first term of the sum can be uniformly bounded by ||¢(fo — ¥)|| . < 6/3 (in the same way (7.24)
is bounded by ||¢fol| ;4 )-

Due to a standard property of mollifiers, we have that ||¢(e — ¥)|| o < 6/3.

Finally, for all 6 > 0, there exists a function 1) € C* with compact support in the interval [—5/8,—1/4]

such that [|6(fo — )| ;0 < /3.
This implies that for every e small enough, one can find a ¢ such that ||¢fc — ¢ fol| o < 0.

Once the proposition is true for the A operator, then it is true in our case, where we deal with a
bounded perturbation of the Laplacian:
Lg = gzs — gac(o) |:6:I:=—% - 5x=%} +g(0) [5;:—% - 5;:§:| .

4

It is easy to check that
ILgllx < 1Al x +llgllez < Cllgllz -

O
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