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Abstract

We prove some asymptotic interior regularity results for potential functions of optimal
transportation problems with power costs. We show that our problems are equivalent to
optimal transportation problems whose cost functions are sufficiently small perturbations
of the quadratic cost but they do not satisfy the well known condition (A.3) guaranteeing
regularity. The proof consists in a perturbation argument from the standard Monge-
Ampere equation in order to obtain interior Holder estimates for second derivatives of
potentials, and a careful understanding of why we might fail to have an Alexandroff weak
solution when restricted to subdomains. In particular, we provide some quantitative
estimates along the way on how the equation degenerates near the boundary.

1 Introduction

Let Q,Q be two bounded domains in R, n > 1. Let f, g be nonnegative mass distributions
in Q and /, respectively, that satisfy the compatibility condition

J7= o

Consider the optimal transport problem between Q and €': given a continuous cost function
¢:R™ — [0,00), find an admissible transport map © : Q@ — Q' that minimizes the total cost
functional

/ o — O(2)) f(z) da.
Q

We say that a Borel map © : Q — Q' is admissible if it is measure preserving, that is,
O©4 fdx = gdy. This is equivalent to

/ h(O())f(z) dx = / h(w)g(y) dy
i ,

for every continuous function h. It is well known (c.f. [9], [20]) that the solution of the
transport problem exists for any strictly convex cost, and it is given in terms of a potential

function u € C(£2), that satisfies a Monge-Ampere type equation

{ gz — Ve (=Va)) det (I + D¢ (~Vu)D?u) = f(x), (1.1)

deu(Q) = ¢,
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where [ is the n x n identity matrix, 0.u(€) := UzeqO.u(x) and the c-subdifferential d.u(x)
is defined by (2.3).

In this paper we concentrate on the convex cost ¢(z) = %|z]p (p > 1) and investigate the
regularity of its corresponding optimal map. First we study the asymptotic behavior of the
equation when the two domains 2 and € are sufficiently far away. Second, we consider the
perturbation problem p > 2, p — 2 but Q and €’ do not need to be far apart. In both cases,
our aim is to prove interior C>® estimates for the potential w. This is achieved by showing
that our problems are equivalent to optimal transportation problems whose cost functions are
close to the quadratic cost. We then perform a perturbation argument around the standard
Monge-Ampere equation to derive the regularity of u.

Before stating precisely our main result, we recall that a bounded domain U C R" is
called strongly convex if U has a C? defining function p satisfying (D?p(z)¢,€) > 0 for all
x € OU and all vectors ¢ in the tangent space to OU at x. It is also known that if U is
strongly convex then there exist a constant C > 0 and a defining function p for U such that

(D*p(z)w, w) > Clw|?>, Vz € dU and Yw € R™. (1.2)

For any § > 0, denote
Qs :={z € Q: dist(z,00) > §}.

Theorem 1.1. Suppose Q2 and ' are two strongly conver bounded domains in R™. Assume
that f € C2 () and g € Cf.(Y) are two nonnegative mass distributions satisfying

/ f(x) dx :/ gy) dy, M <f(x)<AsinQ and A <g(y) <Ay inQ, (1.3)
Q /

where A1 < Ag are positive constants. Letu € C(Q) be the potential from the optimal transport
problem (1.1) between Q and Q' with cost c(z) = % 1z|P, p > 1. Given any &y > 0, we have:

e There exists Ao > 0 depending on dg, n, p, a, A1, A2, Q and Q' such that if dist(2, Q) >
Xo, then u € C%* (Qs,) for some 0 < o/ < « depending only on n and c.

e There exists pg > 2 depending on oy, n, a, A1, Ao, Q and Q' such that for all 2 < p < py,
if dist(Q, V) > Cy for some constant Cy > 0, we also have that u € C>* (Q5,) for some
0 < o < a depending only on n and a.

The C%* norm depends on &, n, A1, Aa, a, Q, O, [ fllce sy Hcha(Qg ), C1. Here 6y
1 1

depends only on &y and universal constants.

Remark. Standard elliptic theory implies that u € C>*(£s, ).

We emphasize that, unlike the standard subdifferential for convex functions, in general
the c-subdifferential associated to a power cost function is a nonlocal operator on the set
of c-convex functions. A similar nonlocality is then inherited by the corresponding Monge—
Ampere measures which makes the so called Alexandroff weak solutions to the equation
(1.1) unstable when restricting to subdomains. This poses a serious obstacle in proving the
regularity of the potential u since we loose information as we move into a smaller subregion
and it is possible that the restricted function u is not a solution of the same equation in any
reasonable sense. We note however that this problem would not present if we knew that u is
differentiable everywhere.



As a consequence, our first problem is to determine whether the optimal transport map is
continuous, i.e., that the potential u is C'. This is a tricky question that has received a lot of
attention recently. In the quadratic case, for the optimal transport with cost c4(z) = % ]z\2,
this problem is equivalent to proving strict convexity of the potential (see Caffarelli [7]). For
the general case, Ma-Trudinger-Wang [27] have introduced condition (A.3) on the cost that
is sufficient for regularity. The example by Loeper [25] shows that the weak form of (A.3) is
also necessary in the general case. Further references can be found in Trudinger-Wang [30],
[29], [31], Figalli-Loeper [18], Kim-McCann [26].

Note that (A.3) and its weak form are conditions on the cost that involve fourth order
derivatives but, in particular, they do not include the power cost % |z|P, p > 1. More precisely,
(A.3) is written as

Z (prqcij,pcq,rs - Cij,’rs) Cr’kcs’lfigjnknl > CO|€’2|77|2
i7j7k‘7l7p7q7r7s

for all £,n € R" satisfying £ L n, where ¢; j(z,y) = Djjc(z,y), (¢*’) is the inverse matrix
of (¢;,j) and ¢g is a positive constant. Thus the so called “double mountain above sliding
mountain” property established in [26] is not true in our case and it is interesting to know
whether the local c-subdifferential is still the same as the global c-subdifferential which is
especially important in localizing our problem to understand the smoothness of u. As an
attempt at answering this nontrivial question, we explore the problem of strict convexity in
depth in order to obtain more refined information of the possible degeneracies and to describe
the geometry of optimal transportation. By comparing with the optimal transport problem
for the quadratic cost, we are able to show that the sections of u have good shapes and
hence their eccentricity is controlled. We then employ this to demonstrate that: for a given
subdomain, any local c-subdifferential of v with respect to the subdomain at x is also a global
c-subdifferential of u at x as long as the point x is sufficiently away from the boundary of
the subdomain. That is, the a priori lost information can only happen in a very small region
near the boundary of the subdomain. This indicates that although the restricted potential u
might no longer be an Alexandroff weak solution of the equation (1.1) in the subdomain, it
should be close to such a solution of the equation. We quantify this kind of almost solutions
by introducing notions of Alexandroff weak solutions and viscosity solutions in one region
relative to another region. Then we give a careful description of these very weak solutions,
so that the machinery for second order elliptic equations can be applied.

The next step is to show second derivative Holder estimates. In the case of quadratic cost,
they were obtained by Caffarelli in [5], where, more generally, he showed W?2P estimates;
also the Park City notes [11] contain a sketch of the C1! estimates. The recent note by
Gutiérrez, Huang and Nguyen [23] thoroughly explores the ideas in Caffarelli’s work to give
a C>* estimate directly. These proofs consist in the understanding of the regularity of the
Monge-Ampeére equation

9(z + Vw) det (I + D*w) = f(x). (1.4)

The purpose of this paper is to treat (1.1) as a perturbation of (1.4), that is small when
the distance A between  and ' is very big, or when p — 2. The ideas first appeared in
Caffarelli’s work [4] in the setting of fully nonlinear uniformly elliptic equations, (see also the
book [12]). However, some difficulties arise in our work: first of all we need to work with
almost solutions of (1.1) and estimate explicitly the closeness between them and solutions of
the Dirichlet problem for the standard Monge-Ampere equation. We overcome this obstacle
by proving a comparison principle which allows us to compare very weak solutions coming



from two different equations. Second, estimates are usually given in terms of good Dirichlet
boundary data. To handle this, we localize the problem and work with sections, which is
doable thanks to our previous discussion on restriction and localization. Third, the estimates
deteriorate at the boundary of the sections; this deterioration will compensate with the fact
that the sections become more and more round, but it needs to be quantified explicitly.

Some related works to the present that have recently appeared are the following: asymp-
totic regularity of optimal transport on manifolds (Delanoé [15], Delande-Ge [16]), regularity
for Gaussian-to-Gaussian maps with near Euclidean cost (Warren [34]).

The paper is structured as follows: Section 2 is the basic set up for our problem, together
with a quick review on optimal transportation for convex costs, while Section 3 contains some
geometrical properties of our special cost that will be needed at a later time. Section 4 is
the starting point in the proof of the main theorem: a comparison to the optimal transport
problem for quadratic cost to get good control of the sections of u. Then, in Section 5 we give
an (almost) global c-subdifferential result, and further explore the concepts of Alexandroff
and viscosity solutions in a relative sense. Next, Section 6 deals with the comparison prin-
ciple for viscosity solutions, that allows to show that the potential u is close to a quadratic
polynomial locally. Finally, in the last Section 7 we put together all these results in order to
complete the proof of Theorem 1.1.

Acknowledgements. M.d.M. Gonzalez and T. Nguyen gratefully acknowledge the sup-
port provided by the Mathematical Sciences Research Institute at Berkeley and the Institute
for Advanced Study at Princeton where parts of this work were carried out. T. Nguyen also
would like to thank Neil Trudinger for fruitful discussions on regularity of optimal maps.

2 Set up

2.1 A review of convex costs

Here we review some standard background for equation (1.1) when the cost function c :
R™ — [0, 00) is strictly convex. The basic references for optimal transportation are the books
by Ambrosio-Gigli-Savaré [1] and Villani ([32], or its most recent book [33]). In this case,
it is well known that the optimal transport map exists and is unique. This was studied
independently by Caffarelli [9] and Gangbo-McCann [19] following the ideas introduced by

Brenier in [2] for the quadratic cost ¢(z) = 3 |z|%. To prove the existence of such map, they

2
considered the dual functional of Kantorovich

!

16:6) =~ [ 1@z - [ gy)iiu)dy (21)
Q
for pairs (¢, 1) of Lipschitz functions in the set

K :={(¢,¢): —¢(z) —¢(y) < c(z—y) forall z€Q, yeQ'}.

Now, it is possible to show that a maximizing pair (u,v) for the Kantorovich functional exists
and is unique up to a constant. Furthermore if we let

Oy(z) =2 — V' (—Vu),



then this is the solution of the transport problem, where we have defined ¢*, the Legendre
transform of ¢, as

¢ (y) = sup {(z,y) —c(x)}.
TeR™

The function v : © — R is known as the potential, and from the proof we obtain a
representation of the form

u(z) = sup {—c(z —y) —v(y)}.
ye

This potential w is locally Lipschitz and satisfies a second order fully non-linear PDE of
Monge-Ampere type:
Mul=f inQ, (2.2)
where
Mu] := g(x — V' (=Vu)) det (1 + DQC*(—VU)DQU) .

Equation (2.2) can be understood in the a.e. sense (where the gradient is an L func-
tion), in the sense of Alexandroff, or in the viscosity setting. The book of Gutiérrez [22] gives
a good introduction to these concepts in the quadratic case. Let us give here the necessary
definitions for general strictly convex cost function (cf. Gutiérrez-Nguyen [24]).

Let u be a function on Q. We define the (global) c-subdifferential of u at xo by
Ocu(zg) :={y € R" : u(z) > u(xg) —c(x —y) + c(xog —y) forall zeQ} (2.3)
and the (local) c-subdifferential of u at xg as

alocu(xo) ={p e R" : u(x) > u(xy) — c(x — p) + ¢(xp — p) in some neighborhood of xy} .

(2.4)
For each u € C(f) satisfying d.u(Q?) C &, the generalized Monge-Ampére measure of u
associated to the cost function ¢ and the weight g is the Borel measure defined by

we(g,u)(E) = / g(y)dy for all Borel sets E C Q.
Ocu(E)
If, in addition u € C%(Q) and ¢* € C?(R"), then we can give an alternate representation
we(g,u)(E) = / g(x — V' (=Vu)) det (I + D*c*(—Vu)D?u) dx (2.5)
ENly
for T'y = {z € Q: d.u(z) # 0}.

On the other hand, a function u : @ = R U {+o0} is called c-convez in € if there exists
A C R™ x R such that

u(z) = sup {—c(z —y)+a}
(y,a)eA

for all z € Q.

With these two ingredients in mind, we say that a c-convex function u € C(Q) is a solution
of equation (2.2) in the sense of Alexandroff if d.u(2) C @ and we(g, u)(E) = [ f for every

Borel set E C . It can be shown that a c-convex function u with d.u(Q) C € is a solution



in the sense of Alexandroff if and only if it satisfies (2.2) a.e. in Q and w.(g, u) is absolutely
continuous with respect to the Lebesgue measure.

However, one of the main difficulties in this problem is that the restriction to a subdomain
of an Alexandroff solution may not be an Alexandroff solution any longer which makes it
extremely difficult to study regularity of such solutions. This is so because the global c-
subdifferential (2.3) may not agree with the local one (2.4).

We need one more concept (see Ma-Trudinger-Wang [27]): a set E/ C R™ is ¢*-convex
relative to a set E C R™ if for each x € E, the image {V,c(x —y) : y € E'} is convex. They
proved that if u is a generalized solution of (2.2) in the L* sense, f > 0 in £, and ' is
c*-convex relative to €2, then wu is also a solution in the sense of Alexandroff.

2.2 “Almost” quadratic costs

In the following, we set up the proof for the first statement of Theorem 1.1. Let {2 be a
bounded domain. We will assume that Q' = la + Q* with Q* is a bounded domain and a is
a unit vector. Thus, ' is nothing but Q* translated by a distance A > 0 in the direction of
the vector a. We will rewrite the transport equation when A > \g for A\g big enough in the
following proposition, which plays a key role in our approach. Before stating and proving the
result, we need to introduce some notations. As the matrix I + (p —2)a® a is symmetric and
positive definite, there is an invertible matrix A such that I + (p — 2)a® a = AT A. Also if
E is a subset in R"™, we shall use A(F) to denote the set {Az : x € E}.

Proposition 2.1. There exists \g > 0 depending only on diam(2 U Q*) such that for all
A > Ao, we have: T(z) is the optimal map for the transport problem between (2, f) and
(Aa+ Q% g) with cost c(z) = %|z\p if and only if T(x) := A[T(A™1x) — \a] is the optimal
map for the transport problem between (A(Q), f) and (A(Q*),§) for the convex cost

e, (2.6)

er(z) =} a2+ 5

where the term E is a smooth function satisfying the following

E(z) =0 (|2*), VE() =0 (), DE(z)=0(]),

2.7)
B(Az - Ay) = X*{Lja - S0P — 14 (@, 258 — LA MP L v e, vy € Q.

Here we have set f(x) = f(A™ z) and §(y) = g(ha+ A~ 1y).
Proof. We first observe that a Borel map y : 0 — Aa+ Q" satisfies y4 fdx = gdx if and only

if §: A(Q) — A(Q") satisfies Ju fdzx = gdx, where §(z) := Aly(A~'z) — \a]. Moreover, by
the definition of f, we have

1 1 -
/Qp |z —y(z)P f(z)dx = /Q ) |z — Aa— A_lg](Ax)‘pf(A:U)dx

AP=2 N A @ —g@) | ;
— Z g JV dx. 2.8
dot A o P a by f(x)dz (2.8)
We now want to expand the integrand in the above integral. Note that ‘A‘l( ))‘
¢ := diam(Q2 U Q*) and hence ‘M‘ < § << 1 for X big enough. Let w = — ()\—g z))

6



and consider the Taylor expansion of

1
h(w) = = |a—wl?
(w) =21 |

around the origin:

h(w) = % —(a,w) + (I + (p— 2)a® a] v, w) + F(w) = % —(a,w) + (AT Aw, w) + F(w),

where F(w) = O(Jw|®). Define
en(z) =3 122 + +E(2)
with E(z) = M3 F( A_le) Then it follows from the above expansion that

N Az — (@)

— |la —

" e (1‘1_1(“’—9(1’)» =2 Na, A 'z) + Ma, A Lj(z))

p A A !
Lz —g(a
=2 _ Na, A7 '2) 4+ Ma, A '(2)) + ex(z — ().

p

Plug this into (2.8) and by using the fact g#fda: = gdx, we obtain

[ 2= stae = 2 { [y (5~ M A7) T
A /A o AT F@ | e z;<x>>f<x>dz}
=\t {/Q (% —(a, :r)) f(z)dx — /)\a—‘,—ﬂ* (A — (a, y>)g(y)dy}

A2 o
T det A {/A(Q) exle y(ﬂﬂ))f(ﬁ)dx} .

Since the first term in the last expression is independent of y(x) and §(z), the proposition is
proved. Notice that the last identity in (2.7) follows from the above definition of E and the
fact that F'(w) = h(w) — % + (a,w) — & | Aw|?. O

Remark. By Proposition 2.1, it is enough to prove regularity for the potential u in the
optimal transportation problem between A(€2) and A(Q2*) with respect to the convex cost
function

1
() = 412 + S B2),

where E is a smooth function satisfying (2.7).

Lemma 2.2. Let \g be as in Proposition 2.1. Then for all A > \g we have: Q' is ¢*-convex
with respect to 0 if and only if A(SY*) is c}-convex with respect to A(SQ).



Proof. Let x € , and consider the set
Ey :={Vyc(zx —y):y e U} ={Vic(x —da—y):y € Q}.
From the proof of Proposition 2.1, we know that

clw—da—y) =2 -\ Haz —y) + 2= (ATA(w — ),z —y) + NF (52).

P
Therefore we obtain

E, = -X"la+ W 24T ({A(z —y) + MAT)TIVF(5Y) ty € ).
On the other hand, if we let z = Az and consider the set
Kag = Kz ={V.en(z —w) : w e AN},

then since cy(2) = 5 L2)? + NP4 2), we have

{z—w~|—>\ HIvF <Al(§_w)> tw € A(Q*)}
{A(z —y) + MAT)T'VF (5Y) 1y € Q*}.

It follows that
E, = -XN"la+ 2\ 2AT (Ky,),

and hence the set F, is convex if and only if the set K 4, is convex. O

We will also need:

Lemma 2.3. The potential u in the optimal transportation problem of Theorem 1.1 is a weak
solution in the Alexandroff sense, for \ big enough depending on the convezity of Q' and p.
Moreover, aclocu(Q) c Q.

Proof. Since €V is strongly convex by the assumption, so is 2*. Let 5 be a C? defining function
for Q* such that (1.2) holds. Then p(z) := 5(A~'x) is a defining function for A(Q*) satisfying

(D?p(@)8,€) = (D*p(A™I2) ATIE, A71E)
C(ATE, A7) = C{(AT)'ATIE €) > ol6?
for all z € 0A(Q*) and all £ € R™. Thus A(Q2*) is also a strongly convex domain. Next
we claim that A(Q*) is cj-convex with respect to A(€) for A big enough (depending on
the convexity of €' and p). Indeed, Ver(z —y) = z —y + 1O(|z —y[*) so the image
{Vaer(z —y) 1 y € A(Q*)} is the same as x — U, with U, := {y — 1 O(|z — yl?) : y e AQ)}.
Let F'(z) be the inverse of the map y — y—+O(|z — y[?). Then p(z) := p(F(z)) is a defining
function for U,. Since F(z) = z+ +0(|z — z|*), DF(z) = I+ +0(|z — z|), D*Fi(z) = O(1)
and
(D?p(2)€,€) = (D?p(F(2)) DF (2)¢, DF (2 Zayk D Fi,(2)€,€),
we infer that for all A > 0 sufficiently large
C e, C
(D*p(2)€,€) > ¢(DF(2)' DF(2)8,6) — S [¢[* > (; - A) € >0 VzedU,, V¢eR™

Therefore the connected set U, is convex and the claim is proved. Consequently, € is c¢*-
convex with respect to {2 by Lemma 2.2. It then follows from [27] that 8£OCU(Q) C V and u
is an Alexandroff solution. O



Let us summarize our problem: u € C(Q) is a weak solution in the sense of Alexandroff
of the equation

{ g(w = Ve (=Vu)) det (I + D*c*(~Vu)D?*u) = [ in Q, (2.9)

deu(Q) = &,

for the cost ¢ = ¢y, when A is big enough. This PDE has a very precise structure. Indeed,
consider the operator

My\[u] = g(z — Vc*(=Vu)) det (I + D*c*(—Vu)D?u) .
Because of the expression for the cost (2.6), it can be rewritten as
My[u] = g(z + Vu+ G(Vu))det (I + D*u+ H(Vu)(D?u)), (2.10)

where G and H in particular satisfy

C
HH(Vu)ll oo < < VUl pooiy s 1G(VU)][pe <

<= Va2 gy - (2.11)

> Q

We will need one more important concept for a c-convex function u € C(f2): the notion
of sections. Let yo € O.u(f2). Define @(z) := u(x) + c¢(xr — yo) and let zy € 2 be a minimum
point of @ in . We note that this choice of z( is equivalent to assuming that yo € d.u(xg)
since

u(z) + c(x — yo) > u(xo) + c(xo — yo) for all x € Q.

In particular, if u is differentiable at zy then yg := 2o — Vc*(—=Vu(xg)). For any p > 0 define
the p-section of uw at zq as

Su(u, x0,y0) = {z € Q:u(z) <u(rg) — c(x —yo) + c(xo — vo) + 1} (2.12)

In order to simplify the notation, we simply write Sy, (u, zo) for the section, while the depen-
dence on g is made implicitly. With some abuse of notation, this section can be rewritten
as

Sy, x0) = {x € Q:u(z) < a(xg) + p}. (2.13)

We would like to study its geometrical properties when p — 0.

In our last remark here, we provide the main idea for the proof of the second statement of
Theorem 1.1. When p > 2, p — 2, we have the following estimates for the cost ¢(z) = % |2|P.
For simplicity, assume that 1 < dist(£2,€Q’) < C. Then

LI < ofz) < 312 [14 (0 — 2) og 2]
225 < Vie(2) < 2 [1+ (p = 2) (log 2] ']
and
26+ (0= 2) [J2P ™ 2] < Del=) < 20+ (0 = 2) |3y (log 2" + |27~ 2z,

In particular, there exists pg > 2, close to 2, and depending only on the distance between (2
and €, such that we are in the same situation as in the first statement of Theorem 1.1.



3 On the geometry of the equation

In this section we summarize some miscellaneous geometric properties that will be needed for
the proof of the main theorem, in particular, a precise understanding of the almost convexity
of the cost.

3.1 Geometric interpretation of the cost c) - almost convexity

Let u € C(2) be a c-convex function in Q. Fix z¢ € Q and yg € d.u(z). Then
u(z) > —c(x —yo) + c(xo — yo) + u(zg) forall z € Q. (3.1)
If ¢ = ¢, is precisely the quadratic cost, then (3.1) reduces to
u(@) > b laf* + (& — 20.0) +  rof* + ulao) Torall zeQ, (3:2)

ie, u(z) = u(z) + % |z|? is a convex function. If ¢ = ¢y as defined in (2.6), then (3.1) reads

u(w) >~ [of? + 2 — 0,p0) — 55 (D¢ ~ 90)(& — w0), 7 — o) + 3 [zof’ +u(zo), (33)

2)

where ¢ belongs to the segment [x, 2] and py := yo — %VE (o —yo). Essentially, it is almost
quadratic as in (3.2) plus a small perturbation that goes to zero as A — oc.

Next, we fix zg € Q, yo € d.u(xg). Take any other pair Z € Q, g € d.u(z). Then there is
a supporting cost that touches v from below at Z, and it is written as

z=u(Z) —clr —g) +c(Z — 7).

Now we let
u(z) == u(z) + c(z — yo). (3.4)

The supporting cost at & for @ is given by

I
:l

z

(Z) — CE =) +c(@ —§) — (T —yo) + c(z — yo) (3.5)
P

(&) + (B, — 2) + (Qz — &),x — &)

where p := Ve(Z —yo) — Ve(Z—7) and Q = 2 [D?c(& — yo) — D*c(€ — §)] for some € € [, ).
Since our cost is of the form c(z) = 1[z|> + $ E(z), an estimate for Q is

Il
I~

Q1 = 5 ID*E(E —w0) ~ D*B(& ~ )] < 5 17— wol. (36)

On the other hand, by its construction

p=Ve(T—y) —Ve(T-9)=7—vyo+ [VE(ﬂf—yo) VE(z —7)],

A
- F=@G - (1+0(%). (3.7)

where the constants in both (3.6) and (3.7) depend on C' = C(yo, ).
If the cost is quadratic, then @ = 0, and the supporting cost for @ is just a hyperplane;
this is the standard construction for convex functions. We have proved that:

10



Lemma 3.1. Let u € C(Q2) be c-convezx and yo € O.u(zg) for some xg € 2. Then the function
u defined by (3.4) is almost a convex function, precisely, at any point T € 2, there exists (at
least) one supporting almost-hyperplane of the form

z=a(&) + (bx — &) + (Q(z — &), — &),
where p and Q are given by (3.7) and (3.6), respectively.

In the light of the previous arguments, it is expected that a section S of u, as defined in
(2.12), is not going to be too far from its convex hull. We will use the notation [S] for the
convex hull of a set S.

Proposition 3.2. Fiz the cost ¢ = cy. Suppose that u € C(2) is c-convex satisfying O.u($2) C
V. Let x1 € Q, y1 € Ou(z1), p > 0, and consider the section S = S,(u,x1,y1) as defined
in (2.12). Assume that S € ). Then there exists a constant C' > 0 such that

dist (x,0[S]) < % for all x € OS. (3.8)

The constant C' depends on 0.u(S2), but not on .
Proof. Let o € 0S C Q, and yo € d.u(xg). Then we have for all z in Q,

u(z) > u(ro) ~ (& — y0) + e — 30)

= u(z1) — e(zo — y1) +clz1 — y1) + p — c(x = yo) + c(zo — Yo)-
Thus it follows from the definition of S that for all x € .S,
02> c(z —y1) — c(wo — y1) + c(zo — yo) — c(z — yo)
= (Ve(zo — y1) — Ve(zo — yo), ¢ — zo) + 3([D?c(¢ — y1) — D*e(¢ — yo)l(z — 20), = — 20)
for some ¢ in the segment joining x to zg. Or
0> (p,x — z0) + 3(Q(z — mp),z — mg) for all z € S,

where p = Ve(xg — y1) — Ve(zo — yo) and Q = D?c(¢ — y1) — D?c(¢ — o). Since our cost is

of the form ¢(z) = %|z|> + $ E(z), an estimate for @ is

1 C
QI = 5 ID*E(C —y1) = D*E(C = yo)|| < 5 lyo =l
Therefore, S is the intersection of almost-halfplanes,
0> (p,z —z0) + 3(Q(x — x0), x — Tq).

The section S would be convex if Q = 0 for all g € 0S. In our case, these supporting func-

tions are planes plus a small quadratic perturbation; we would like to measure the distance

of how far is S from [S]. If S is not convex, for zg € S, we can find x € S such that x is
outside the half plane

p

H, :0>(—

zo < ‘p’

Then if we let d = dist(x, Hy,) then d = <|%|, x — x0) > 0. We also have

LT — T0).

(p,x — xp) < —%(Q(x — ), T — X0).

11



Hence by using the estimate of @,

Clyo — Clyo —
< Elvo—vil - zol? < Clyo—wml
A Ipl A pl
On the other hand, by its construction
1
p = Ve(wo —y1) = Velzo = y0) = yo = y1 + 1 [VE(zo — y1) = VE(wo — yo)]-

Thus, (1 — %) lyo — 1] < |p| < (1 + %) lyo — y1| and by combining with the above estimate
we obtain d < % We have in fact shown for each xg € 95,

C
dist(z, Hy,) < X for all x € S.

It follows immediately from this that

dist (zo, 0[5]) < %

3.2 On the local c-subdifferential

In Lemma 3.1 we have given a characterization of the global c-subdifferentials of u. It is well
known that this concept may be different from the local c-subdifferential, and this is one of
the main difficulties in the study of the regularity for optimal transportation. More precisely,
the restriction of an Alexandroff solution of the transport problem to a smaller domain may
not be an Alexandroff solution any longer because extra mass may appear (global#local). We
give here the first attempt to understand the behavior of the subdifferential under restriction
to a smaller domain. In particular, we show that the characterization of Lemma 3.1 on
“almost”-convexity is still true for (local) c-subgradients.
We have defined in Section 2 the (global) c-subdifferential of u at & by

Ocu(z) :={g € R" 1 u(x) > u(Z) —c(z —y) + c(Z —gy) forall z € Q}
and the (local) c-subdifferential of u at T as
é%OCu(:%) ={peR":u(x) >u(x) —c(x —p)+c(x —p) in some neighborhood of z}.
More generally for an open set V' C 2 and £ € V', we write
Oe(u, V)(Z) :={q e R" 1 u(x) > u(Z) —c(r —q) +c(T —¢q) forallzeV}.

It is clear that 8£0Cu(j) D 0.u(Z), but in general they are not equal.
We will also need to work with the following set of subgradients and c-subgradients. For
T €, define

0 u(z) ={peR" : u(z)
0, u(Z) :=={g € R" : u(x)

u(Z) + (p,x — &) + o|x — Z|) for = near &},

u(Z) — c(x — g) + (T — g) + o(|z — Z|) for x near T} .

It follows that
O~ u(z) = —Ve (z — 0, u(@)) . (3.9)
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The above mappings can be extended to boundary points as follows. Let & € 9€), we denote
0~ u(z) :={p e R": p=Ilimy_opr}, where p; € 0 u(xy) and {x}} is a sequence of interior
points of € converging to Z, and let 9. u(Z) be given by (3.9).

First we present two well known lemmas that relate the c-subdifferentials of two functions:
Lemma 3.3. Let u,v € C(Q) and E C Q be an open set such that
u=v ondFE,
u>v inFE.
Then 8(u, E)(E) C 8.(v, E)(E). Consequently, d.u(E) C 81°¢u(E).

Proof. This result can be found in [24, Lemma 5.1] but we include the proof here for conve-
nience. Let p € 0.(u, E)(E). Then there exists g € E such that u(z) > u(xg) — c¢(x —p) +
c(xg —p) for all x € E. Let

a = sup {u(zo) — c(x — p) + c(zo — p) —v(z)}.
el

Since u(zo) > v(zg), we get a > 0. Also there is 21 € E such that a = u(zo) — c(x1 — p) +
c(xg — p) — v(x1). Thus v(z) > v(x1) — c(z — p) + c(x1 — p) for all x € E. Then two things
can happen:

If @ > 0, then since u(x1) > a+v(x1) we must have 1 ¢ JF and hence, p € 0.(v, E)(x1) C
Oc(v, E)(EF). On the other hand if a = 0, then we already have that v(z) > v(zg) — c(x —
p) + c(xg — p) in E which in turn gives p € 0.(v, E)(xo) C Oc(v, E)(E). O

For the rest of the paper, N, (E) will denote the v-neighborhood of the set F, i.e.,

N, (E) :={x e R": dist(z, F) < v}.

Lemma 3.4. Let u,v € C(Bgr(Z)) and suppose that u is cy-convex and v is c¢q-convex. There
exists a universal constant C' > 0 such that if [|u — v[| oo, (7)) < € then

€

7 (3.10)

Ocu(Br-< (7)) C N(45+%) {0c,v(Br(z))} for all &>

Consequently,

aclocu(BR_g(JE)) C N(m%) {[0c,v(Br())]} , (3.11)
where [0.,v(Br(7))] is the convex hull of 0.,v(Br(T)).

Proof. We note that a version of this result for quadratic cost appears in [11] (Lemma 2 of
part 4). Let p € Ocu(Bg-<(Z)), then there exists 2o € Bp—<(Z) such that

u(z) > u(zg) — c(x —p) + c(xog —p) forall =€ Br:= Br(Z).

Consider v*(z) := v(z) + € + %(!x — > — R?), then v*|gp, > u and ”*‘BR,E(E) < u. Define

a:= sEqu {u(zo) — c(x —p) + c(zo — p) —v*(x)} .
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Since u(wg) > v*(zg), we get @ > 0. On the other hand, there exists 1 € By such that
a = u(zg) —c(x1—p)+c(xog—p) —v*(z1), and thus v*(z) > v*(z1) — c(z —p) + c¢(x1 — p) for all
x € Bg. Moreover, u(xz1) > u(xg)—c(x1—p)+c(xo—p) = v*(x1)+a. Therefore, if a > 0, then
x1 does not belong to the boundary of Br, and we conclude p € 0.v*(z1) C d.v*(Bg). If, on
the contrary, a = 0, then v*(z) > v*(xg) —c(x —p)+c(xg—p) for all x € By, so automatically
p € Ocv*(wo) C Ocv™(Bg). Thus we have shown that dcu(Bg-<(7)) C d.v*(Br).

Next suppose y* € d.v*(x¢), o € Bg. Then by (3.9), y* = xo— Vc*(zo—p*) for some p* €
0~ v*(xg). Define p := p* — %(xo — ) and we claim that zo+p € 89(20), where ¥ := v+ |z/?
is a convex function and 0v(xg) := {¢: v(x) > v(xo) + (¢, — xo) Yo € Br}. To see this, let
us write p* = Zf\; 1 tip} where p! are extremal points of 0~ v*(zg) and 0 < t; < 1 satisfying
SN ti = 1. For each i, by a result in [7] we can find a sequence {z;} of differentiable
points of v such that z;, — z¢ and pf = limy_,oo Vo™ (z)) = limg_, Vo(xy) + %(1‘0 —I).
This yields zo + p} — 4—]%(3:0 —Z) = limg_,00 VO(x1) € Ov(x0) for each i. We then obtain the
claim since 29 +p = SN | t; [0 + pf — %(xo — )] and 0v(xo) is a convex set. Observe that
Yy =x0+p*+ %VE(.CCQ —y*) by the definitions of p* and c¢). The relation (3.10) now follows
from the claim, the fact 0v(xo) = 0., v(xo) and

* * 1 * * —
1y — w0+ pll = [0 + 5" + T VE(mo — y*) = [mo+ 0" — L (w0~ 7)) | <45+

Too see (3.11), let y € 8locu(ac) for # € Bp_<(Z). Then there exists p € 9~ u(z) such that

y=1x— Vc*'(—p). We write p = Zf\;l t;p; as a finite convex combination of extremal points
p; of 0~ u(xg). Since u is c-convex, y; := x — Vc*(—p;) € O.u(x) for all i which implies that

N
> tiyi € N(m%) {[0e,v(Br(2))]}

i=1

by (3.10). This yields (3.11) because

>

N N
1 1
ly = tiyi| = ‘x—l—p—i—XVE(x—y) —> tilz+pi+ XVE(CC—%)]‘ S
i=1 =1

O]

Next, we present a characterization of subgradients. Although the so called “double
mountain above sliding mountain” lemma is not true anymore without assuming the (A.3w)
condition, we still have a useful characterization using the asymptotic behavior of the cost
¢ := c), that generalizes Lemma 3.1.

Proposition 3.5. Suppose that u € C(Q) is a c-conver function in . Then for & € Q,
p € 0" u(Z), we have

1
u(@) + L fol? 2 u(@) + 37 + 5+ 5, —3) + 1Oz —#f*) for all € Q.

Consequently if § € 0, u(x) with & € Q, then

u(z) >u(z) —clzr—9g)+c(@—9)+ %O(\x —&?) forallz e .
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Proof. First assume that & € Q. By construction, 0~ u(Z) is a closed convex set and hence we
can write p as a convex combination of finite extremal points, that is, p = Zf\; 1 tigi, where
t; >0, Ei\il t; = 1 and ¢; are extremal points in 0~ u(Z).

For each i, let g; € R™ be such that ¢; = —Vc(Z — ;). Since ¢; = limy,—y00 Vu(zy,) for a
sequence z,, — & which are points of differentiability of u, it follows that y; € d.u(Z). Then,
for each g;, using the fact c¢(z) = 1|2|% + $+ E(2) given by (2.6), we have that

1
(@) + 3 |ol* > w(@) + 315 + G w = 8) + § B - ) — Blw —5)] forallz €0,

and consequently, as 7; = ¢; + T + %VE (Z — g;) by our choice of ¥;,

u(z) + 3 |af?

> u(@) + 3o + (g + &0~ 3) — 5 [Blo —50) ~ B~ 5) ~ (VG — ), 2 ~ &)
= w(@) + LER (gt Foo— F) + %O(\x _ ) forallze Q.

Therefore if we take the convex combination with respect to i, we obtain
u(a) + 3 |o? > u(@) + L g + (54 &2~ )+ ;0o —3P) forallzen.  (312)

Now assume that & € 0€). Then by the definition of subdifferential at boundary points,
we have p = limg_,o, pr where py € 0~ u(x) and {zx} is a sequence of interior points of
converging to . The above proof shows that (3.12) holds if # and p are replaced by xj and
pr, and therefore by letting k£ tend to infinity we see that (3.12) is still true when & € 09.
Thus the first statement of the lemma follows.

To prove the second statement, let p := —Ve(Z — g). Then we obtain (3.12) since p €
0~ u(Z) by the assumption § € 9 u(z). It follows from (3.12) and by a similar argument to
the one used above that

(@) > @) — c@ — §) + cl@ — §) + §0(|x ~ i) forallz e Q.

3.3 An Alexandroff type estimate

Although it is not needed in the proof of our main result, we believe that it would be

interesting to include here an Alexandroff type estimate for the cost original ¢(z) = L |z|P

T
analogous to the one in Monge-Ampere setting [22, Theorem 1.4.2].

Proposition 3.6. Sugpose clx) = % lzl, 1 <p <2+ ﬁ Let Q C R™ be a bounded open
convex set and u € C(Q2) be a c-convez function on Q satisfying u > 0 on 0Q2. We have:

(i) If 1 <p <2 then

n—(p—1)

u(z) > —C(n,p) |diam(Q2) »-T  dist(x, Q) |0.u(Q)] Vo € Q.
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(i) If 2 < p < 2+ 5 then

p—1

(p=1)—n n
i

(p—2) n
u(@) = ~C(n,p) | diam(Q)" " dist(x,00)" 71 [0a(@)]|  Vreq,

where C'(n,p) is a constant depending only on the dimension n and p.

Proof. Let xy € Q be such that u(xg) < 0. In order to prove the theorem we first define a
c-convex function, whose graph is the upside-down c-cone surface with vertex at (xg, u(xo)),
as follows

w(z) =supv(z) Vo € Q,
veF

where
F = {v € C(Q) : v is c-convex, v(zg) < u(xg) and v|gn < u]ag}

Then since u € F we have w > u on 2, w(xg) = u(zg), w is c-convex on Q and w|yq = ulsq-

We now claim that w € C(2). Indeed, since 2 is convex it is g-regular with ¢ is the conjugate
of p. Hence, there exists h € W4(Q2) N C(Q) weak solution to the g-Laplacian

—div (|[Vh(z)|**Vh(z)) +n=0 inQ, and h = —u on 9.

Notice that div (|[Vh(z)|72Vh(z)) = div (Vc* (Vh(z))) . For each f(z) = —c(z—y)— X € F,
we have —f(x) > —u(x) on 02, and —div (Vc* (=V f(x))) +n = 0. Hence by the comparison
principle for the g-Laplacian we get that —f > h in Q, and therefore

w(z) = supv(z) < —h(z) for all z € Q.
veF

Thus we obtain v < w < —h in Q and hence the claim follows since u, —h € C(Q), ulpq =
—hlgn and w is c-convex on .
From the above claim and by Lemma 3.3, we have

Ocu(2) D 0.w(Q) D Dew(xo)

={y 1 u(zo) — c(x — y) + c(xo — y) < u(x) Vo € 00}

D {y:u(xg) — ¢ y) + c(xo —y) <0 Ve € 00}

O {y :u(zo) + (Ve(xo —y), 0 — ) < 0 Vo € 00} =: E.

(2 —
(2~

Let 2* € 99 be the point such that |z* — x¢| = dist(zg,dQ). Define G(z) := g — Vc*(—2)
and

. —ulm) 2" -
0" dist(zo, 0Q) |7* — x|’

Then, we claim that
—u(zo)
LG (B (0. b)) c B

2. G(ZU) € FE.

3. If G(z1),G(z2) € E, then G(tz1 + (1 —t)2z2) € E for all t € [0,1].
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The first and the third claims can be checked readily. To obtain the second claim, we need
to use the fact that
(x* — xp,x — x0) < |2* — x0|2 YV € 09,
which follows from the convexity of 2.
Let H be the convex hull in R™ of the point 2y and the ball B <0, d:;“ﬁ%). From these
three claims we can conclude that G(H) C E, and thus,

|0cu(Q)] = |E| = \G(H)y:/ detp%*(_y)dy:(q_l)/ ") dy.
H H

The last integral above was computed in Gutiérrez-Nguyen [24] (equations (67) and (68)),
and the proposition follows from these estimates. O

4 Initial step

This is the first ingredient in the proof of Theorem 1.1. Let u € C(Q) be a solution of the
optimal transport problem between Q and €'

My[u]= f inQ,
{ 8CAuA(Q) = (4.1)

where M), is defined in (2.10) and satisfies (2.11), with the hypothesis stated in the main
theorem.

The main idea is to compare the solution u of the optimal transport equation (2.9) to w,
where w is the solution of the optimal transport problem between Q and ' with quadratic
cost ¢4(z) = % |2]?, and €’ convex. Note that w is unique up to an additive constant, strictly
convex and smooth (see the article by Caffarelli [7], further regularity is contained in [8],
[10]). The equation satisfied by w is the following

g(z+Vw)det (I + D*w) = f inQ,
{ Do, w(Q) = (. (4.2)

4.1 An approximation result

In this subsection we prove an comparison result between the solution w of (4.1) to the
solution w of (4.2):

Proposition 4.1. For any eg > 0, there exists Ag > 0 depending only on ey, n, Ay, Ao,

Q and ' such that if X > N, [ and g satisfy (1.3), w € C(Q) is a solution of (4.2) and
u € C(Q) is a solution of the transport equation (4.1) with u(xg) = w(xg) for some xy € €,
then we have

[u = wll oo () < €0-

The proof of this proposition is a simple consequence of the following strengthened result
where the constant \g is independent of the domains Q and €, as long as they lie between
two universal balls.
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Proposition 4.2. Let Q and Q' be two closed subsets of R™ satisfying B1(0) C Q C B,(0)
and B1(0) C Q' C B,(0). Let f and g satisfy (1.3).
For any eg > 0, there exists A\g > 0 depending only on €y, n, Ay and Ao such that if

A > Ao, w € C(R) is a solution of (4.2) and u € C(Q) is a solution of the transport equation
(4.1) with u(xzg) = w(xg) for some xy € 2, then we have

[l = wl| oo (5, (o) < €0- (4.3)

Proof. By contradiction, assume that there exist some €y, {A\p} C R, {Qx}, {0}, {fx},
{or}, {wi}, {ux} and {zx} with 2 € Q such that A\, — oo, B1(0) C Qx C By(0) closed,
B1(0) C ), C By(0) closed, fi and gy, satisfy (1.3) on its domains Q and Q}, wy € C(€) is
a solution of
{ gr (x + Vwyg) det (I + Dka) = fr in Q,
Ocqwi () = €,

and uy, € C(Q) is a solution of

{ gk (x — Ve (—=Vuy)) det (I + D?cf(=Vug)D*u) = fi, in Oy,
8ckuk(Qk) = Q%,

where ¢, = ¢y, , up(x) = wi(xy) and
||Uk — wkHL‘X’(Bl(O)) > €0 for all k > 1. (44)

By selecting a subsequence, we know from [28, Theorem 1.8.4] that {2} converges to §2
and {€2).} converges to €' in the Hausdorff distance topology. Moreover, € and €’ are closed
sets satisfying B1(0) C Q C B, (0) and B1(0) C @' C B,(0). It also follows that x}, — Z for
some T € ().

Note that [lur — wk|l 1o (g, 0)) = lur — we(@r)] = [we — wi(@k)]l Lo (5, (0))- By replacing
up and wy by up — ug(zy) and wy — wg(zy) respectively, we can assume in addition that
ug(zr) = wi(xy) = 0. Next for convenience, we extend uy as a cx-convex function on By, (0).
Let us describe precisely this natural extension. Define the Kantorovich functional as in (2.1),

I, 9) = — | ful@)plz)da - / gr ()0 () dy,
(N o
on the set

K., = {(¢,¢) € Lip(Q) x Lip(,) : —d(z) —Y(y) < cp(x —y) forall z ey, ye Q;c} .

Let v be the ¢p-transform of uy, that is,

vg(y) = Sup {—ck(z —y) —up(z)} foryeR" (4.5)

We know that (ug,vy) is a maximizer of the functional Iy (¢, ) over K., , and furthermore

ug(z) = sup {—cp(x —y) —vk(y)} forall x € Q.
yGQ;C

Now let us extend uy by defining

up(z) == sup {—cp(r —y) —v(y)} forze B,(0) D Q. (4.6)
y€BR(0)
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Since ), C B,(0), it is clear that u}(z) > ug(x) for all z € Q. On the other hand,
sup, g, 0y {—Cr(@ — ) —vk(y)} < uk(z) for & € Q by (4.5). Thus, uplg = uk. In particu-
lar, we have

sup {—cp(z —y) —up(x)} > sup {—cx(z —y) — up(2)}
2E€By (0) €y

= sup {—cx(z —y) — up(®)} = vi(y).
rEQ

Also, for y € B,,(0), it follows from the definition of uj in (4.6) that u}(z) > —c(z—y) —vi(y)
for all z € B,,(0) giving vy (y) > SUD,c 5, (0) {—cx(r —y) —uj(x)}. Hence we obtain

vp(y) = sup {—cx(z —y) —up(x)} Yy e Bu(0).
z€By(0)

From now on, we identify uj, with its extension uj, given by (4.6). Likewise, we also identify
the function wy with its extension on B,(0). Let us check that {uy} is equicontinuous on
B, (0): fix z1,72 € B,(0). By the extension of uy, there exists yx € 9., ug(w2) such that
Yk € B,(0). Then by definition,

u(z) — wk(y) = —ce(z — ye) + cu(y — yi)-
Because ||yx|| < n, we get
ler(@1 = yk) — cr(@2 — yi)| < C'lay — 22

for some constant C' independent of k. Thus uk(x1) — ug(z2) > —C|z1 — x2|. It then follows
by interchanging z; and xo that

lug(z1) — up(22)| < C' |21 — 229,

and we have proved that {u} is equicontinuous on B,(0). Moreover {uz} is uniformly
bounded, because we have just seen that |ug(z)| = |uk(x) — uk(zk)| < Clz — x| < C. There-
fore by Arzela-Ascoli theorem, we have that a subsequence, still denoted by wug, converges
uniformly on B, (0) to some us € C(B,(0)). Similarly, there exists a subsequence {wy}
converging uniformly on B, (0) to some ws, € C(B,(0)). These yield us(Z) = weo(Z) for
some T as a consequence.

Notice that f; and g; can be viewed as functions defined on B, (0) by extending them
to be zero outside €, and € respectively. Then by extracting subsequences, we can assume
that fr — f weakly* in L®(B,(0)) and g; — g weakly* in L>°(B,(0)). Let py, := fi(x)dz,
pi= f(z)dz, vy := gr(y)dy and v := g(y)dy.

Claim 1: B;(0) C suppu C Q and B1(0) C suppr C €. Indeed since f,, — f weakly*
in L*>®(B,(0)), we get {u} converges weakly™ to u as measures, i.e.,

lim o(x) dpk = / e(x) dp  forall ¢ e C.(Byp(0)).
k—o0 /B, (0) Bn(0)

Now let & € supp . Then by following the proof of [1, Proposition 5.1.8] where probability
measures are considered, we see that there exists xp € suppur = 2 such that xp — .
But then we must have x € Q since {Q;} converges to €2 in the Hausdorff topology. Thus
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supp pu C Q. Next if zp € B1(0), then A; < m fB(ww
small because A < m fB(mw) fr dx < Ao and

) f dx < Ag for all r > 0 sufficiently

1 / 1
_ fkda:—>/ fdxr as k— oo.
|B($0’T)‘ B(zo,r) |B(I0,T‘)| B(zo,r)

Hence by letting » — 07, we obtain A; < f(zg) < Ag for a.e. xo € B1(0). This implies
B1(0) C supp p and we have shown that B1(0) C supp  C €. Thus Claim 1 is proved since
the case for v is completely similar.

We would like to show next that us and ws are both solutions of (4.2). Let us prove
this only for us as the case of we, is much simpler and follows in a similar way. Recall that
v (y) = SUD,c B, (0) {—cx(z —y) — ug(x)} for all y € B,(0), and let

Voo(y) := sup {—cy(® —y) —uc(x)} fory e B,(0),
z€By,(0)

where ¢, denotes the quadratic cost. Then since cx(z) = ¢4(2) + Ei—(z)

par it is easy to see that

< C
[0k = vooll e Bo0)) < e = ool LBy + 3

yielding v, — vs uniformly in B, (0).
Claim 2: We have

lim fkuk:/fuoo, lim gkvk:/ JUso and /f:/ g.
k—o0 Q. QO k—o0 Q;c / Q (94

To see this, observe that [, teof = fsuppuuoof = an(o) Uoo f since supp p C € by Claim 1.
Therefore,

Qkfkuk—/gfuoo—/ﬂkfk(ulc—uoo)—i-[ Qkfkuoo—/ﬂfuoo}
— /Qk S (g — uoo) + {/n(o) frtloo — /Bn(o) fuoo] —0

giving limy_, o ka frur = [q fuco as desired. Similarly, limy_,o f% GkVk = [y GUso. Also

/f—/ f = lim Jr = lim gk—/ g—/ga
Q B (0) k—=co J B, (0) k=0 J B, (0) 1 (0) Q

and the claim follows.
We are ready to show that us is a solution of (4.2). Let I(¢,v) be the Kantorovich
functional given by (2.1), and define

K., :={(¢,¥) € Lip(Q) x Lip(Y') : —¢(x) — p(y) < cq(xz —y) forall ze€Q, yeQ}.

Let (¢o,%0) € K., be a maximizer of the functional I(¢,1) over K. and recall that (u,vy)
is a maximizer of the functional I(¢, ) over K., . As done for (ux,vy), we can extend ¢g

and v as Lipschitz functions on B, (0) satisfying ¢o(y) = SUD,c B, (0) {—cq(x —y) — po(x)}
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for all y € B,(0). Using the facts (uy + %,Uk) € K., and (¢o + /\—(’;,wo) € K., , we obtain
I(do + 5 %0) — 1(¢0, %0) < Tk (ur, vi) — 1(do, o) < Iy(ug, o) — I(ug + 7. vx) giving

s e [ o0 Qkfk¢o+/g¢0_/ oo

< Ii(ug, vi) — I(¢o, o) < / f+/ fug — o, frug —I—//gvk - // grvr  for all k.
Hence it follows from Claim 2 that limy_, o Ig(uk, vi) = I(¢0,%0). Consequently,
Ity o) = = [ f@usa(o)ds = [ gw)en iy
= jin { = [, s [ o)

k—00
= lim Ik(Uk,Uk) = I(gb()va) = sup I(ﬁbﬂﬁ)’
koo ()€K,

where we have again used Claim 2 to obtain the second equality. Since [ f = [, g, we infer
that us is a solution of (4.2) as desired. Similarly, we, is also a solution of (4.2). Thus
Uso = Weo ON SUPP [ 8S Uso(T) = Woo(Z) and (4.2) has a unique solution modulo additive
constants on the support of u = f(z)dz. This together with the fact B;(0) C supp p yields
limyyo0 [[uk — Wil| oo (B, (0)) = Itioo = Woo | oo (B (0)) = 0, @ contradiction to (4.4). O

Remark. If we assume in addition that €2 is convex in Proposition 4.2, then the conclusion
(4.3) can be strengthen by |[u — wl| 0 () < €0. The reason is that in this case we actually
have supp pu = €2 instead of suppp C €. Indeed, let x € Int(2) and B(x,r) C Q. Then
B(z,r) C Br(Q) := Uyeq, B(y, 7) for all k sufficiently large because €2 C Bz () from the
definition of the Hausdorff distance. Since 2 are convex, it is clear that dist(z,0Q) =
dist(z, 0Bz (%)) — 7 = dist(z,00) — § > 7 — 7 = 3 yielding in particular B(z, %) C Q for
all k sufficiently large. Consequently,

u(B(x,r)) = lim pp(B(z,r)) > Ay lim |B(z,r) N Q| = Ay|Bla, 7)|
k—o0 k—o0
implying z € supp p, i.e., Int(2) C supp . This and the Claim 1 above give supp u = Q.

4.2 Some initial estimates

With the information given by Proposition 4.1, we can start localizing the problem. Indeed,
we will show that points far from the boundary of © are mapped (uniformly) to points far
from the boundary of Q. We remind the reader that we are using the notation

Q5, = {z € Q : dist(x,00) > dp}.

Proposition 4.3. Given any 6y > 0, there exists Ag > 0 depending only on dg, n, A1, Ao, Q
and Q' such that for all X > \g and u € C(Q) is a solution of (4.1), we have

dist (Ocu(Qs,), ) > Co) — % (4.7)
for some universal constants C,~v > 0. Consequently,
dist (D.u(Qs,), Beu(092)) > C67 — % (4.8)

21



Proof. For any € > 0, Proposition 4.1 gives that [|u — [w + u(z0) — w(20)]l Lo () < € for all

A > X = Aole,n, Ar, Ao, Q,9), where 29 € Q and w € C(Q) is a solution of (4.2). By working
with @ := w + u(zo) — w(wo) if necessary, we can assume that [[u — w|| ) < €. Let ¢ be
the smooth convex function satisfying

det D?°¢p= 1 in Qs
2
o= 0 on 0Qs-

It is known that —C1(n, Qs ) < ming; ¢ < —Ca(n, s, ) (see [22, Proposition 3.2.3]). Hence
2 2

by using [22, Lemma 5.1.6] we obtain

Qs C {x €Qy : 9a) < —060}, (4.9)
where ¢ > 0 depending on n and Q%o . In fact, we can choose ¢ to be a constant which depends
only on n and € for all §y > 0 sufficiently small. Next, we construct the function

w*(z) = w(z) + € + 2¢(cdy) Lo ().
Then we have that w*(x) > u(z) for z € 0Qs,. We take V to be the set

50 -
2
V.= {:E € Qs w(z) < u(az)}
2
It is clear from (4.9) that Qs5, C V € Qs,. Therefore, Lemma 3.3 assures that
2

Beu(Qs) C Beu(V) C Bew*, V)(V) = dew* (V). (4.10)

On the other hand, by straightforward computation and using that our cost cy is just a
C/A-perturbation of the quadratic cost ¢;, then

3cw (V) C N%||V¢HL°°(960/2)+% {8qu(v)} :NCQTE

0 4.11
o ||V¢||L00(960/2)+§ {VM(V)} ’ ( )

:I:|2

where W = w + |T and we note that HVQZSHLOO(Q%) < C (see [21, Theorem 17.21]).
2

Next, for the solution of the optimal transportation problem w with quadratic cost,
Caffarelli [8] has proved that

1. Vo(Q) = .

2. V(o) c oY,

3. |[Vi(x) — Vi(y)| > Clz —y|” for all z,y € Q, where v > 0 is a universal constant.
As a consequence, Vi (99) = 99 and

dist (Va(V), 09) > dist (vw(Qio ), aQ’) > 6. (4.12)
2
Combining (4.10), (4.11) and (4.12) we get
. 2€ C
dist (D.u(Qs,), ) > C — [% IV6ll o 5, . + X]'

Choosing suitable ¢, we obtain the estimate (4.7) of the lemma. On the other hand, (4.8)
follows from (4.7) and the fact that

0u(02) C 09,
which was proven by Figalli-Kim-McCann [17]. O
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Using the above two propositions, one has a very good control of the sections of u: they
are very near the sections of w, and as a consequence, they stay away from the boundary
0Q. Let zg € Q5, and yo € Ocu(xp). The p-section of u at zg is defined in (2.12), or for
(z) == u(x) + c(x — yo) as in (2.13). One can also define the (quadratic) t-sections for w.
Let Z be the minimum point of the function w(z) := w(z) + 5|z — yo|>. We define

Ti(w,z) = {z € [Q : w(z) < w(Z) = ¢g(x = §) + ¢o(T —y) + 1}, (4.13)

with

By using the function w we can write
Ti(w,z) ={z € [Q] : w(zx) <w(z)+ (Vw(z),z —T) +t}, (4.14)
that is a convex set.

Proposition 4.4. Given dy > 0, there exists p1 = 1 ((50,n, A1, Ao, Q, Q’) > 0 satisfying that,
for all hye > 0 with h + ¢ < py, we can find \g = )\0(6,50,n, Al,Ag,Q,Q’) > 0 such that if
A > Ao and u is a solution of (4.1), then

Th,e(w, i’) C Sh(u,l'o,yo) C Th+€(w, i’) C Qc(;g (4.15)

for all zg € Q5, and yo € Ocu(xo), where w is a solution of the quadratic transport problem
(4.2) and T is the minimum point of W 1= w+ % |z — yol?. Here ¢ and 0 are positive constants
depending only on n, Ay, Ay, Q and €Y.

Proof. Let zg € Qs, and yo € dcu(xg). It follows from Proposition 4.3 that yo € g 51 for all
270
A> A= )\0(5O,n, Al,Ag,Q,Q’). Define @ := u + ¢(z — yo) and W := w + % \x!Q Notice that

g is a minimum point for # in 2. By definition,

Ti(w,z) ={z € Q: w(z) <w(@)+ (Vw(z),r — ) + t}
={r € Q:uw(z) <w(@)+ (Vu(z),z

8

a convex set. As Vw(z) = 0, we obtain Vi(z) = Vw(z) +Z = yo € Yy, On the
3%
other hand, we know from [8] (see the discussion before (4.12)) that Vw(92) = 9 and

|V (x) — Vi (y)| < Clo —y|” for all z,y € Q. Therefore we conclude dist(z, 9Q) > 6532 > 0.
But since w is a strictly convex function (c.f. [7]), there exists u; > 0 depending on dg, n,
A1, Ao, Q and Q' such that

T

w (w, ) C Q (4.16)

sa0”
which gives the last inclusion in (4.15) whenever h + e < ;.

Next for any € > 0, by Proposition 4.1 there exists A\g depending only on €, n, A1, Ag, Q
and €' such that for all A > \g we have |lu — [w +u(20) — w(20)]|| () < €/4 (of course, we
are abusing the notation, just take A\g to be the smallest of all the choices). Since the sections
of w are the same as the corresponding sections of w + u(xg) — w(xp), we can assume that
[u — w||peeo(@y < €/4. This implies that

> Q

+ - < for all X > Ap. (4.17)

NS
[\CRe

|4 — || oo () <



Now it is easy to see that the first two inclusions in (4.15) hold true. Indeed if x € T}, (w, T) =
{r € Q:w(x) <w(z)+ h — €}, then

a(r) < ()+2_u—)(£)+h §< w(z0) + h — % (o) + .

On the other hand, if z € Sy, (u, zo,y0) = {x € Q : u(z) < u(xp) + h} then
@($)§U()+6<u(xo)+h+% a(z) + h+ % w(z) + h+e

These yield T, (w, Z) C Sp(u, xo,y0) C Thie(w,T) as desired. O

As a corollary, we obtain the following result which is the starting point for the induction
process in Section 7:

Corollary 4.5. Given dg > 0 let u1 > 0 be the corresponding constant given by Proposi-
tion 4.4. Then for all h < EL, there exists A\g = /\o(h b0, n, A1, Ao, Q, Q’) > 0 such that if
A > Ao and u is a solution of (4 1), we have the following: for all xg € Q5, and yo € Ocu(xo),

(1) Sn(u,0,y0) C Qg0

(i1) There is an affine transformation Tx = Ax + b with C1 < |det A]% h < Cy and ||A| <
Ch™! such that )
BK(O) c Q= TSh(u,xo,yo) C Bn(O).

Here all the constants are universal (depending on n, A1 and Ay). As a consequence,

Ch™1
A

Proof. Applying Proposition 4.4 for € = h/2, we obtain

dist(x, 0[Q)]) < Va € 09,

T (waj) C Sh(uafﬂo,yo) C Tsn (U}?j) c 90587
2 2

where w is the solution of the quadratic transport problem (4.2). Let Tz = Az + b be
an affine transformation normalizing T3y, 2 (w, T), i.e., B1 C T(Tgh/g(w,f)) C B,,. Then as

|T3p,/2(w, T)| ~ hz (see [22, Corollary 3.2.4]), it is clear that C; < |det A|% h < Cj. Also it
follows from Theorem 3.3.8 in [22] that Br C T'(T},/2(w, Z)) with K > 0 a universal constant.
Thus B C T'Sp(u,0,y0) C Bp. Note that as Boy (%) C Ty o(w, T), we get T(Ben(T)) C By,
implying that ||A]| < Ch~!. This together with Proposition 3.2 yields the last estimate. [J

In the above corollary, f and g are only required to satisfy the condition (1.3). However
if in addition f € Cf2.(Q2) and g € C;:.(€') as assumed in Theorem 1.1, then we in fact have
the following better estimates

loc

-1 1
Sn(u, 0,90) C Boyp(20), [JA| < Ch72, HA_lH < Ch> (4.18)

and 1
Ch=

dist(z, 9[Q)]) < V€ 0Q. (4.19)

Indeed the regularity of w in [7] gives CI < D?w < C'I in e8! which in turn implies that
Bo, vi(%) C Tappo(w, ) C B, /7(2). (4.20)
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Then (4.18) and (4.19) follow from this, the fact T7!(Bg(0)) C Sh(u, xo,y0) C T3y /2(w, )
and the arguments used in the proof of Corollary 4.5.

Another consequence of our construction is a gradient bound for points in the section
Sh := Sp(u, g, y0). We denote

u(x) == 1 [u(T_la:)—u(:L‘o)—c(xg—yg)—h], Q:=T8)(u,z0,y0) and é&(z) = %C(T_ll‘),

h
(4.21)

where T is the transformation from the previous corollary. Then:

Corollary 4.6. Under the same assumptions as in Corollary 4.5, assume further that f €
C> () and g € CZ (), then we have that

loc loc
Lu(S1) € By 1) (W0)

and

alocy () ¢ By +%\/ﬁ)(Ty0).
Proof. As in the proof of Corollary 4.5, we choose € = h/2 and have [[u — wl| ) < €/4.
Also it follows from (4.20) that S, C T3p/2(w,Z) C By, /5(2). Now applying Lemma 3.4 with
§ := C/h, we then obtain 91°Cu(Sy) C N(C\/EJr%) {[VUA)(BC\/E(E))]}, where @ := w+ §|z[%.

Since w is the solution of optimal transport with quadratic cost from Q to € and B, Vi(@)

is away from the boundary of €2, we get ”D2w||Loo(BC < C and hence

V@)
Vi (x) — yo| = |Vid(z) — Vii(z)| < Cle — 7| < CVh Va € By, (®).

Therefore, we conclude that 8locu(5’h) C Bo(yhst )(yo). The last conclusion follows from
A

the fact G%OC&(TS;Z) = TCy(S),) and the estimate (4.18) for || A|.
O

4.3 A first (but rough) control of the sections

In this subsection we present a result comparing sections of the potential u with Euclidean
balls.

Theorem 4.7. Assume that f € Cft.(Q2), g € Cit () and (1.3) holds. Given dy > 0, there

loc loc

exist po = 1o (60,1, A1, Ao, 2,Q) > 0 and Ao = Ao (0o, m, A1, A2, Q,Q) > 0 such that if X > Ao

and u is a solution of (4.1), then

BC—1\/,5(330) C Sp(u,xo,yo) C BC\//j(x()) (4.22)

for all xg € Q5,, yo € Ocu(xo) and 0 < p < po, where C > 0 depends only on n, Ay, Asg,
||f||ca(Q51) and ||g||ca(931) with 51 = 51(50,71,/\1,/\2).

Proof. Let pg := p?, with p:= p1/2 and py > 0 is the constant given by Proposition 4.4. By
applying Proposition 4.1 with ¢y := u® we obtain

|u — wl| e (0) < €os
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where w is an optimal transport solution for the quadratic cost between  and ', and with
densities f and g, respectively.
Step 1: Since g € €25, and p + €9 < 1, Proposition 4.4 gives

Ty—eo(waj) - S,u(ua .f()) = S,u(’uva:yO) - TH+€0(U},LZ') - 9517

where T is the minimum point of w := w + % |z — y0|2. Moreover as €' is convex and f, g are
Holder continuous we know from Caffarelli C%® estimate in [7] that w is regular in the interior.
It then follows by a similar argument yielding (4.20) that Be, /= (%) C Tj—¢ (w, ) and
Thteo(w, T) C Bey, /iges (7). Thus Be, 5= (Z) C Su(u,z0) C Be,, /ire; (#). This together
with the facts |z — zo| < C\/€ (see (6.31) for a proof of this fact) and €y is very small
compared to p gives
Be =y (20) C Spu(u, 20) C Ber, igeg (20)-

For simplicity and without loss of generality we assume that xg = 0. Therefore, B;(0) C
M_Tl S, (u, z9) C Bp(0). Let O(z) := & — Vc*(—Vu(z)) be the optimal map corresponding to
u and let ©*(y) := y — Vc*(—=Vu*(y)) be the dual optimal map which is known to be the
inverse of ©. Then since w is regular, we know from Lemma 3.4 and the proof of Corollary 4.6
that

@BR(l'o) C BC( VR < C\/ﬁ (4.23)

Likewise as |[u* — w*|[peo () < €0 + % and the dual potential w* for the quadratic cost is
regular thanks to the convexity of {2, we also have

©"Br(yo) C By or Br(yo) C OB VR<Cyu. (4.24)

R+1+%) (z0) R+1+%) (o)

Let Q; := ,LL_TIG*[@(S“(U, 0))], Q) == ,u_Tl[@(S#(u, x0))] and
ui(z) = —u(pzz), x € ,u%lQ D Q. (4.25)

Here we are using the notation [A] for the convex hull of the set A. The advantage of this
choice of domains lies in the fact that ] is convex. On the other hand, by Lemma 4.8,

u1|q, is the optimal transport solution between €y and ] with densities f1(z) := f(,u%m),
91(y) == g(u%y) and with cost

1

1 1

1 1
c1(z) == ;c(;mx) =3 z|* + —

1
Ei(x) with — :=—.
A1

Al A

Note that all the dilations of regions or variables in Q are with respect to g = 0 and in €’
are always with respect to yg. Moreover by using (4.23) and (4.24) we obtain

-1 -1, -1
Bl(O) Cuz2 SM(U,IEQ) C Ql Cu?2 © BC’\/}TEO(yO) Cu?2 BC'\/;TG()($O) C Bn(O)
and
-1 -1 -1
Bi(yo) C 1172 Beyi=es(0) C 1172 ©8,(u,9) C Q) C 12 Beor /iges (o) € Bn(yo)-
Hence we can apply Proposition 4.2 to get

|ur — w1l Lo (By) < €0, (4.26)

26



where wy is the optimal transport solution for the quadratic cost between Q; and Q, and
with densities f; and g;.

Step 2: Let O(z) := 22—V (—Vui(z)) = ,u%l@(u x) be the optimal map corresponding
to u; and let ©3(y) := y — Vi (—Vui(y)) = ,u_Tl@*(;wy) be its dual optimal map. As the
target domain Q] is convex and f1, g1 are Holder continuous with C* norms are controlled
by those of f and g, we know from Caffarelli C*® estimate in [7] for quadratic cost that w;
is regular in the interior. Therefore, by using (4.26) and arguing as in Step 1 we get

= Nl

©1Br(zg) C BC( VR < Cy/p. (4.27)

R+ % +0 ) (%0)
We would like to have (4.24) for ©F but this is not immediate since we do not know whether
wy is regular due to the nonconvexity of €2;. Observe that we do not really need ©7 to be
well behaved in every interior subregion of €27, but only in the subregion B¢ /z(yo) C Q3. To
obtain this regularity we proceed as follows.

Let Q) := ,u% [S,.(u, x0)] and ) := M?G[Su(u, z0)]. Then us[g, is the optimal transport
solution between ; and Q’l with cost ¢; and with densities f; and g1. As above, by using
(4.23) and (4.24) we also have B;(0) C Q1 C B,(0) and By(yo) C ) C By(yo). Note that
even though we can not compare € to €}, we know that € contains the big ball Bj(yo)
centered at yp and as mentioned above this is enough for our purpose. Hence we can apply
Proposition 4.2 to get ||u1 — w1z (p,) < €0 implying

= @ o) < €0+ —
1 - 1 oo — .

(B1) M\
Here w7 is the optimal transport solution for the quadratic cost between Q’l and €, and with
densities g; and fi. Moreover as €2 is convex, we know that ] is regular in the interior of
Y|. Therefore, we also have

©1Br(yo) C Bo( )(330) or  Br(yo) C @1BC(R+%+%9)(1‘0)- (4.28)

Rts-+%

From (4.27) and (4.28), we see that ©; and O] enjoy the same property as © and O* given
by (4.23) and (4.24). This allows us to carry the next level of the rescaling process. Indeed,

let Qg := p~1O*[O(S,2(u, x0))], U := 1 [O(S,2(u, 20))] and
1 1 1 1 =1
ug(z) := Eu(um) = ;ul (p2z) for zep 'QDp=2 M DN

Then by Lemma 4.8, ug|q, is the optimal transport solution between Q9 and €, with cost
co(x) = ﬁc(,u:r), and with densities fo(x) := f(;w:) and go(y) = g(,uy). Notice that

Qy = u%@’{[@l (Su(u1,20))] and Q) = u%l[@l(su(ul,xo))]. Hence by arguing as in Step 1
and using (4.27) and (4.28) we obtain

Jug — w2l oo (By) < €05

with ws is an optimal transport solution for the quadratic cost between Q9 and €, and with
densities fo and go.
Step k: Keep repeating the above process we get

|ur — w3,y < €0,
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where ug(z) = ;71’“ (,u,gx) and wy, is the optimal transport solution for the quadratic cost
between € := ,u_Tk@* ( (u mo) ] and Q) = ,u_Tk[@(Suk(u,:co))], and with densities

fe(x) = f(,u%x) and gi(y) = g(,u2y) Since 0 < p < pg = p?, we can pick the positive
integer number k such that U o2 < p < pFtt. Thus

E _ E L3 _
2TL_60(wk,xk) C Sp(u, .II()) = U2 S%(uk,xo) C /L2Tik+€0(wk,a;k).
2 u

Here Z; denotes the minimum point of wy = wy + % |z — y0]2. As the target domain €,
is convex and fi, g are Holder continuous with C* norms are controlled by those of f and
g, we know that Bcl\/%(jk) C Tﬁ,eo(wk,fk) and Tﬁﬁo(wk,a_ck) C BCQ\/%(:EIC). It

follows from these and the fact |z}, — x| < C'\/€g that

k
Sp(u, zo) C WBC\/%(»TO) C Be /e (®0) C BC\/@(%) C Bep(@o)-

Similarly, we also have Ber /5(z0) C Sp(u, o) yielding, (4.22) as desired.

In the above proof, we have used the following simple lemma:

Lemma 4.8. Let u; be defined by (4.25). Then u, is the optimal transport solution between
0 = u%@*[@(su(u,xo))] and Q) = N%I[Q(Su(u,:no))] with cost ¢1(x) = %c(u%x), and

with densities fi(x) := f(/ﬁ:c) and g1(y) == g(,u%y). The similar statement also holds for
the function uy.

Proof. Let O1(x) := © — Vi (—Vui(x)). Then as u; is c¢1-convex, it suffices to show that
O14 fixo,dz = g1xo;dy. Now since ci(x) =1 *(,um‘) we obtain

—1

O1(x) =z — ,u_Tch*( — Vu(,u%x)) = M_Tl [u%x - Ve (- Vu(u%x))} = /AT@(M%QL').
It follows that for any function h € C(€,), by letting h(z) := h(u%la:) we have

/91 h(O1(2) 1 (z) d = /IL%@*[@(SM(WO))] W(n# O (b)) f(ube) da

/ “10(Sp(u,z0))]
— / hy)e(y) dyf
O (S (w20))]

/1 ﬁ(u%y)g(/ﬁy) dy = / h(y)g1(y) dy.
n2 Sp uwo

Thus O14 f1xo,dx = g1Xe, dy and the proof is completed. O
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5 Local vs. Global

We consider now with the second ingredient for the proof of Theorem 1.1, where we look at
the rescaled solution @ from (4.21) in the rescaled set Q. It still satisfies the same PDE as u,
with the advantage that the value of @ on the boundary of 2 is controlled. Then our strategy
is to compare @ with the solution of a standard Monge-Ampere equation with given Dirichlet
data at the boundary, using the standard elliptic theory for viscosity solutions. However, the
main difficulty is that although u is an Alexandroff solution of the original problem, % comes
from the restriction of u to a section, so & may not be an Alexandroff or viscosity solution in
Q. In the following, we deal with this crucial issue.

5.1 A notion of viscosity solutions

We next introduce a notion of viscosity solution for the equation My[u] = f. Unlike the
standard definition, a viscosity solution as defined below does not have the local property
as it depends on the domain under consideration. That is if u is a viscosity solution of the
equation My[u] = f in £, then u might not be a viscosity solution of the same equation
restricted to a subdomain U of €.

To motivate our choice of test functions, let us seek a pointwise condition guaranteeing
that a function ¢ € C%(Q) is cyx-convex in Q. Note that ¢ is cy-convex at xg if and only if the
function ho(x) := ¢(z) + cx(x — yo) has a minimum point in Q at z¢ or equivalently hg has
a supporting plane in Q at zg, where yo := x9 — Vi (—V(xp)). But for Q C By, we have

D?ho(x) = I + D*¢(z) + %DZE(HT —yo) > I + D*¢(z) — %I!x —
> 1+ D?¢(z) — %I <|:130 + Vo(zo)| + Zn) Yz € Q.

Thus if in addition  is convex and
C
. 2 .
inf (1 + D) > <1 (sz + V| (@) + 2n>,

then for any zg € 2, the function hg has a supporting plane in © at xy. This implies that ¢
is cy-convex in Q and in particular I + D%c;(—Vé(z))D?¢(x) > 0 in Q. We will choose the
class of test functions to be those satisfying the above inequality.

Definition 5.1. Let Q C B, be an open set, f € C(Q) and g € C(X). Let u € C(Q) be a
cx-conver function satisfying Oe, u(Q) C V.

(i) A function ¢ is said to be in the admissible class for the operator My in 2 if ¢ € C%([Q])
and

C
. 2 .
inf (1+ D%9) > 11 (lid + Voo epy +2n). (5.1)

(i) The function u is said to be a viscosity subsolution (supersolution) of the equation
My[u] = f in Q if for any xo € Q and for any function ¢ in the admissible class for
My in Q satisfying u — ¢ has a mazimum (minimum) at xy, we have

9(x0 — VA (= V(xo))) det (I + D*c} (= V(z0)) D*¢(wo)) = (<) f (o).

We call u a viscosity solution of the equation My[u] = f in Q if it is both a viscosity
subsolution and viscosity supersolution in 2.
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(iii) Let U C Q be any open set. The function u is said to be a viscosity supersolution of the
equation My[u] = f in U relative to Q if for any xo € U and for any function ¢ in the
admissible class for My in Q satisfying u — ¢ has a minimum in Q at xg, we have

9(z0 = Vi (=V(xo))) det (I + D*c3 (= V(o)) D*(x0)) < f(xo)-

Remark. Concerning the above definition we remark that if ¢ is in the admissible class for
M, in Q and u — ¢ has a maximum or minimum at zg € €, then g — ch(—ng(zo))f
Ocyu(xo). Thus xg — Ve (—Vé(xo)) belongs to the domain of g as we require O, u(2) C V.

We wonder what the relation is between weak/viscosity solutions in our case. The fol-
lowing result is a straightforward modification of Proposition 1.3.4 in [22].

Proposition 5.2. Let Q C B, be an open set and f € C(?), g € C(Y). Suppose u € C(Q)
is a c-convex function satisfying d.u(Y) C Q. Then if u is an Alexandroff weak solution of
My[u] = f in Q, we have u is also a viscosity subsolution of the equation in any open subset

U of Q.

Proof. For simplicity, we present the proof only for the case U = ). However the arguments
clearly work for any open set U C Q. Let & € Q and ¢ € C?([Q]) be a function in the
admissible class such that u — ¢ has a maximum at . We can assume that u(z) = ¢(Z) and
u(z) < ¢(z) for all z € Q\{&}. This can be achieved by adding r |z — Z|* to ¢ and later taking
r — 07, Indeed, the only thing we need to check is the function ¢(z) := ¢(x) + r |x — &/
belongs to the admissible class for M) in €2. But this is true because

1[n]f (I+ D%*) = 1n]f (I+D%*) +2rl > CI(sz+v¢|yLoo ) +2n) +2rl

> I(sz+ V| L + 2”) + 27"<1 - ﬁ)

C .
> XI(HZd + quHLoo([Q]) + 21’&). (5.2)

Let m = ming/o<|—z<s{¢(z) — w(x)}, where 6 > 0 is a small number. Note that m > 0.
Fix 0 < e < m and set
E.:={zx € Bs(z) : u(z)+e>o¢(x)}.
It is easy to see that E. C Bj»(¥), because if /2 < |r — | < 0, then ¢(z) — u(z) > m, so
that x € F.. Note also that F, | {Z} as ¢ = 0T, and u + ¢ = ¢ on OFE..
Because u is a weak Alexandroff solution in §2, we have

/ F(@)dz = welg, u)(Ee) = welg,u+ €)(Ee) = / o(y)dy. (5.3)
E. Oc(u+te)(Ee)

But O.(u + €)(E.) C 0c.(¢, Ee)(Fe) = 0.0(E:) by Lemma 3.3 and the fact ¢ is a smooth
c-convex function in Q. Thus the chain of equalities (5.3) continues as follows:

(5.3) < / . )g(y)dy = we(g, 9)(Ee) = / 9(x — De*(=V¢)) det (I + D*¢*(=V$)D*¢) dx

€

where the last equality is due to the representation (2.5). Next, because f and g are contin-
uous, we can let ¢ — 0 to obtain

as desired. O
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5.2 The restriction of a weak solution is almost a weak solution

Notice that under the assumption in Proposition 5.2, the function u might not be a viscosity
supersolution. This is because the mass may increase when we restrict to a subdomain (i.e.
local but not global supporting costs may appear). However, we are going to show that this
extra mass can only come from the subdifferential of u at points near the boundary of the
subdomain. In particular, we are able to quantify how bad the restriction of u to a section
S := 8S,(u,x0,y0) is. In order not to confuse with the height of a section, we modify our
previous notation and denote

ST :={zx e : dist(z,05) > ~v}.

Proposition 5.3. Suppose Q C B, is open and u € C(Q) is a cy-convex function. Let
S = S, (u, z0,y0) € Q and assume there exists a constant K > 0 such that

Sp(u,z1,91) C B 5(x1)  for all 1 € S, y1 € Ocu(x1) and p > 0 small. (5.4)

Then we have

Oc(u, S)(x) = Ocu(x)  for every =€ S7,
where v 1= CTI; That is, local with respect to S is global as long as we stay sufficiently away
from the boundary. Here the constant C depends only on n and the norm HBCZOCU(S)HLOO.
Proof. Let & € S, § € 0c(u, S)(Z) and define u(z) := u(z) + 3 |z|>. From the definition, we
know that (see the proof of Proposition 3.5 for more details) § € d.u(z) if and only if

a(z) za(:z)+<ﬁ+gz,x—:z>—§ Bz —§)— EG—§) — (VEG — )2 —7)] Voe,

where p:= —Vey (2 — g) € 0" u(Z). Suppose that § & J.u(z), i.e., g is local with respect to
S but not global. Since the set

{y €R™: y € 0e(u,S)(21) NOe(u, S)(29) for some 21,20 €S, 21 # 29}

has measure zero (see [24, Lemma 2.11]), we can assume without loss of generality that
1

a(e) > a(&) + (p+ &0 —3) - 1| Bl — ) — B@E - ) — (V@ - 7).z — )]

for all x € S satisfying  # &. As § & d.u(Z), the almost plane

[a—y

2= f(a) = u(@) + (p+ T2 — T) — < [Elx — §) — B(& - §) — (VE(E — §),2 — ©)]

>

must cross the graph of @ at some point 2* € Q\ S.

Among all the points on 95 that lie on the segment Zz* connecting & and z*, take & to
be the point closest to #. Let z1 be the midpoint of the segment Z#, y; € d.u(z1) and py :=
—Vex(z1 — y1). In particular, we have |Z — 1| > 3dist(Z,05) and |z* — 21| > 3dist(%, S).
Because of our choices, it is clear that the almost plane z = f (x) crosses the global supporting
cost

z = fi(z) == u(z1) + (p1 + 21,7 — 71) — % [E(x —y1) — E(x1 —y1) — (VE(x1 — 1), — 21)]
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at two different points z; and zo which lie on the line passing through Z and z* (one point,
say 21, lies on the segment Zx; and the other 29 lies on the segment xz*).

Let us first estimate the heights a := u(Z) — f1(Z) and b := a(x*) — f1(z*). Assume that
z € S satisfies dist(z,05) > 2K,/p. Then |& — z1| > K,/p and hence & ¢ S,(u,x1,y1) by
the assumption (5.4). But & & S,(u, 21, y1) means that

u(@) > f1(@) +p
yielding a = w(Z) — fi1(Z) > p. For the same reason, we also have b = u(z*) — fi(z*) >
Next observe that since E(z — ) = E(& — ) + (VE(Z — §),z — &) + O(Jz — &|?), we get

fla) = 0(@) +{p+ &2~ ) + 1Ol — #) > o) == 5@) + b+ F0— F) — 5 o — 2.
Similarly,
fi(z) = u(x1) + (pr + 21,2 — 21) + %oux — 7%
1 [BG ) ~ B — ) + (VB G 1), — &) — (VB —y1), @ — )]
< gi(2) = u(w) + (o1 + 20— a1) + o — 3
X

[E(;z g+ (VE@GE — 1),z — F) — Bz —y1) — (VE(1 — 1), 7 — m}.

We knew that a,b > p and the equation f(z) = f1(z) has two solutions in the segment Tz *.
Therefore if we select p := 60(271) ensuring that || f — gl|Le o) < p/3 and || f1 — g1lpe () <

p/3, then the equation §(z) = gi1(z) still has two solutions in the segment Zx*. The reason
for this is that we still have §(z) > ¢1(%), g(z1) < g1(z1) and g(z*) > gi1(z*) because the
graph §(x) lies below the graph of f by an amount of at most p/3 and the graph g;(x) lies
above the graph of f; by an amount of at most p/3.

We now consider the equation g(z) = gi(x). That is,

(80—~ 3) — 2 o~ 3 = [iln) ~ @] + (1 + 0,7~ )

- %[E(x )+ (VEGE — )2~ 3) — Bl — ) — (VE(@1 — ).z —1)].

Since @(z1) + (y1,Z — 1) — 3 [E(@ — y1) — E(z1 —y1)] — w(Z) = f1(Z) — w(Z) = —a, this is
equivalent to

o1 _ . 2C _
(p+3+VE@—y)] —y,x—5) = e -3 = —a
Let us look at what happens along the above mentioned line passing through & and z*.
On this line, we can write x — Z = te for t € R, where e is some unit vector. Then if we

denote o := ([p+ & + $VE(Z — y1)] — 41, €), we conclude that the quadratic equation
2C ,

—t"—at=a

has two distinct solutions t1,ty satisfying z; := & + t;e € Tz*. Notice that as a > 0, this is
impossible since the two solutions ¢; and t2 have opposite signs. Thus we have shown that g

must be global whenever
1
dist(z,05) > C’K\/:.
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As a consequence of the previous proposition, we have:

Corollary 5.4. Let Q C B, be open and f € C(2), g € C(V). Let S := S,(u,z0,y0) € be

a section satisfying O.u(S) C ' and (5.4) for some constant K > 0. Suppose that u € C(2)
is a cy-convexr function that is an Alexandroff solution in S relative to Q of the equation
M)\[u] = f, i.e.,

/ g9(y)dy = / f(z)dz  for all Borel sets E C S. (5.5)
Oc(u,)(E) E

Then there exists v = CK/ﬁ such that u restricted to S is an Alexandroff weak solution in
the set SV relative to S, i.e.,

/ g(y)dy = / f(z)dz  for all Borel sets E C S”. (5.6)
Oc(u,S)(E) E

Moreover, u is a viscosity supersolution in S7 relative to S.

Proof. By Proposition 5.3, we have 0.(u, S)(E) = 0.(u, Q)(E) for all E C S7. This together
with (5.5) yields (5.6). It remains to show that u is a viscosity supersolution in S7 relative
to S.

Let # € S7 and ¢ € C?([S]) be a function in the admissible class for M) in S such that
u—¢ has a minimum in S at Z. We can assume in addition that u(Z) = ¢(z) and u(x) > ¢(x)
for all z in S\ {Z}. This can be achieved by adding —r |z — Z|* to ¢ and later taking r — 0.
Indeed, we only need to check that the function ¢(z) := ¢(x) —r |# — #|* is in the admissible
class for My in S for all r > 0 sufficiently small. But as done in (5.2), we have

C . ~
(Hld + quHLoo([S]) + 2n>

. 27 -
inf (I+D%) = 1

> inf (I+ D%) - <1(llid + Vol sy +2n) —2r(1+ =571

>0 for all » > 0 small enough.

Let m = ming\Bg(i){u(x) —¢(z)}, where 6 > 0 is small. Note that m > 0. Fix0 <e<m

and set
Ec:={xef : ulx)—e<o(z)}.

It is easy to see that E. C Bs(Z) C S7, because if |x — Z| > 6, then u(z) — ¢(x) > m, so that
x & E.. Note also that E, | {Z} as ¢ = 0" and u — ¢ = ¢ on OF..

Now it follows from (5.6) that fac(u,S)(Ee) 9(y)dy = [ f(z)dz. But as a consequence of
the proof of Lemma 3.3 and the fact ¢(z) < u(z) — € for x € S\ E, we get

0e(¢, S)(Ee) C Oc(u — €, 5)(Ec) = Oc(u, S)(E).

Therefore we obtain

/ g(x — Dc*(—=V¢)) det (I + D*c*(~V$)D?*@) da = /

gy)dy < | f(x)dz,
. 0:(6,5)(E.) E.

where the first equality is due to (2.5) and the fact ¢ is c-convex in S. Next, because f and
g are continuous, we can let ¢ — 0 to obtain

M), [qb] < f at x,
as desired. O
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6 Comparison arguments

After a careful understanding of viscosity solutions for the equation Mj[u] = f, our next
aim is to show a comparison principle, that is one of the main ingredients in the proof of
Theorem 1.1. We remind the reader of our setting:

My[u] := g(z + Vu + G(Vu)) det (I + D*u + H(Vu)(D?v)), (6.1)

where G and H in particular satisfy

> Q

C
HH(Vu)llpee = L IVUllpooiy, 1G(VU)l g < IVul| 700 () - (6.2)

Since viscosity solutions are expected to be stable with respect to a small perturbation, u
should be close to a Monge-Ampere solution if [€2] is close to €2 (that is, € is almost convex)
and A is large enough.

6.1 Comparison principle for viscosity solutions

It is well known that for viscosity solutions:

Proposition 6.1. Let f € C(Q2) and g € C(¥). Suppose that w € C*([Q])NC(Q) is a function
in the admissible class for the operator My in 2. Then:

(i) Let U C Q be open. If u € C(Q) is a viscosity supersolution of My[u] = f in U relative
to Q and My[w] > f at any point x € U satisfying x — Vi (—Vw(x)) € ¥, then

min{u — w} = min{u — w}.
Q o\U

(ii) If u € C(Q) is a viscosity subsolution of My[u] = f and My[w] < f at any point x € Q
satisfying x — Ve (—Vw(x)) € O, then

max{u — w} = max{u — w}.
Q 89
Proof. For the first statement, suppose by contradiction ming{u—w} < ming,y{u—w}. Then
there exists xg € U such that u(zg) — w(zg) = ming{u —w}, and so v — w has a minimum in

Q at . Notice that xg — Vi (—Vw(zg)) € € by the remark after Definition 5.1. Therefore
it follows from the definition of viscosity supersolution that

Myw] < f at .

This is a contradiction with the initial hypothesis. The second statement follows in a similar
manner. 0

Then our main comparison result is:

Theorem 6.2. Let B; C Q) C B, be a domain in R™, not necessarily conver, but such that

dist(x,0[2]) < Yz € 00. (6.3)

> e,



Let u € C(Q) be a solution (in the sense precised below) of the problem

{M)\[u] =f in €,

u(z) = —cy(z) on 08, (6-4)

where M) is the operator defined in (2.10) satisfying (2.11). Consider also the cq-convex
solution w € C3(Q) N C(Q) of

{det(I+D2w) =1 in v::/\f(%)ﬂ[g], ©5)

w o=-1 || on OV,
where 0 < 8 < 1. Assume also that

1. For some >0 and 0 < a < 1,

f(z)—1<0 in Q and |g(y)—1]<0|y|* in 8CZOCU(Q). (6.6)

2. For a universal constant C,, given precisely in the proof,

Cn(b—ﬁ((n—l)?#ﬁa) [0 N i(i)nﬂa_l)ﬂ} . 67

Then we have that:

(i) If u is a viscosity subsolution in €2, then
28

d
u<w+C <)\> o Q. (6.8)
(ii) If u is a viscosity supersolution in Q7 relative to Q for some v > 0, then

d B(n—1)?
u>w— [m’y +C (A) } in Q, (6.9)

where m := ||0u(Q\QY)|| 100 -

In case that [Q] (equivalently V') not strictly convex, we can modify V slightly so that

V is strictly convex and still V. ~ N, (4 )g[Q]. Now we note that w exists because w =
A

% \:E|2 + w is the solution of a standard Monge-Ampere equation with smooth right hand side
and homogeneous Dirichlet boundary data, and thus, w € C3(V) and it is strictly convex.
However, the estimates on w (in particular, Pogorelov estimates for the second derivatives)
are not uniform up to the boundary. To handle this issue, we will use Proposition 6.3 and
Proposition 6.4 below concerning the behavior of w near the boundary when we do not have
extra information on the domain.

The following is a barrier argument by Caffarelli [6]:

Proposition 6.3. Let Q1 C B, be a convex domain in R™ and w € C(21) be a generalized
solution of the Monge-Ampére equation

det(D?w) <1 in Q,
w =0 on 0.
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Then ,
w(z) > —C(n) dist(z,001)» if n >3,

and
w(z) > —C(p) dist(x,00)°  for any p € (0,1) if n=2.

We also have a Pogorelov type estimate for the second derivatives of solutions for a Monge-
Ampere equation. Although it is well known that in the interior of the domain, the Hessian
matrix of the solution is positive definite, the constants deteriorate at the boundary. The
next lemma by Caffarelli-Li [3] quantifies this deterioration.

Proposition 6.4. Let Q1 C R™ be an open convex subset satisfying By C 1 C By, and let
w € C3(Q) NC(Q) be a convex solution of

det(D?>w) =1 in €y,
w =0 on 0.

Then
‘D%D(x)‘ < C'(n) dist(x,00,)'™™ for n>3

and ,
}D2u_)(x)‘ < C'(p) dist(z,001) "7 for n=2,

where p is any real number in (0,1).

Proof of Theorem 6.2: Without loss of generality, assume that n > 3. The proof reduces
to finding suitable smooth sub and supersolutions of the problem My[u] = f, and using the
comparison principle for viscosity solutions given in Proposition 6.1 in the domain 2.

Let w be the solution of problem (6.5). We will show that the functions

w*:w+%\x|2 and w+:w—%]a:\2

are a sub and a supersolution, respectively, of problem (6.4), for a suitable § > 0 which will

be determined later. In the following, we denote w := %|:1:|2 +w and M = [[VO| oo -

Observe that w is the unique convex function satisfying

detD>w =1 in V,
w =0 on JV.

By the hypothesis for f and g, we have that
[f(z) =11 <0 (6.10)

and
‘9<$+VWi5$+G(Vwi5x)) —1‘ < 0 (2 + 2n)". (6.11)

We note that to obtain the estimate (6.11), we have also used the fact Cm /A < 1 which is a
consequence of the estimate for m given in the Step 3 below and our assumption (6.7).
Step 1. Construction of a supersolution. We show first that w™ is in the admissible
class for the operator M) in €2 (see Definition 5.1) and that the matrix

At =1+ D*c;(-Vuh)D*w" = I + D*w — 61 + (D*w — 1) H(Vw — 6z)
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is positive definite. Indeed, we can write

AT =D?*w[I+ H) -6 — (1 +6)H
> ID*w — 61 —2|H|I
= [1D*w — 61| + [$D*w — 2|H|I] .

Moreover, it follows from the hypothesis (6.2) for H that

Cm+2n) ¢
H<—F -2 < - 6.12
) < A2 0 (612)
for a suitable choice of §. Therefore,
At >2[1D*w —41]. (6.13)

Since det(D?w) = 1, an upper bound for the eigenvalues of D?w, given in Proposition 6.4,
implies a lower bound. In fact,

D2i(z) > ! s (YT L foralee Q. (6.14)
=\ O dist(w, ov)1 " =\ - 6

For this choice of §, looking at (6.13), we obtain that AT is positive definite in Q. Furthermore,
(6.14) together with the second inequality in (6.12) gives

C
. 9 _ _ .
1[g]fD w >0l + XI (m + d|lid|| Loo jp) + Qn).

implying that w™ satisfies (5.1), i.e., w™ is in the admissible class.
Now we check that w™ is indeed a supersolution. It remains to show that

My[w*] < f (6.15)

for
My[wT] = g(x + Vw —dx + G(Vw — (53:)) det(A™).

We compute
(I+H)(I+D*w)=A"+3I+[3I+(1+4d)H]. (6.16)

Because |H| < g by the choice of ¢ from (6.12), we have that the term %I +(1+0)H is
positive definite. On the other hand, given any two positive definite matrices Ay, As,

det %(Al + AQ) > det %(Al) + det %<A2)

Consequently, from (6.16) we obtain that

1+g > det (I + H) > det w(A") + g
yielding

det(A™) < (1 — i) <1-—%6.
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Finally, using the bounds for f, g from (6.10) and (6.11),
My[wt] = g(x +Vuw — 6z + G(Vw — 53:)) det(A™)
< (1+0@m+2m))(1-30) <1-6<f

given a suitable choice of

5> 199 0 4 onye. (6.17)
n

Then (6.15) follows as desired.

Step 2. Construction of a subsolution. We now check that w™ is a subsolution. As
w~ is obviously in the admissible class for the operator M) in 2, we only need to show
My[w™] > f. We compute

My[w™] = g(z + Vw + 6z + G(Vw + 6z)) det (A7)

for
A™ =T+ D*w+ 6 + (D*w + 61)H(Vw + dx).

If we choose J satisfy (6.12), then we know that the following matrices D?w, %I + H and

81 — H + 6H are positive definite because of the estimate |H(Vw + dz)| < w < s
Consequently,

A" =(1-9)D*w+ (31 + H)D*w+ 51+ [$] - H+6H] > (1—§) D*w+ 51

Thus the matrix A~ is positive definite. Moreover by using the bounds for f, g from (6.10)
and (6.11) we obtain the desired conclusion

Myw™] > (1 —9(2m + 2n)a) (1 + %)n > (1 —9(2m + 2n)a) (1 + %5) >140>f,

where 0 is chosen as in (6.17). Note that in the above estimate for w™ we actually do not
need a uniform estimate of D?w as in the case of w™.

Step 3. Choice of §.
We now check that all the conditions on ¢ given in (6.12), (6.14) and (6.17) are compatible.

Let us take Bint)?
1 d\"\""
e () 619

which guarantees (6.14). To see that this choice of § also satisfies (6.12) and (6.17), we first
observe that Proposition 6.3 implies

2 AN
m < Cpdist([Q],0V)» ! < C, ()\) :

Therefore, both (6.12) and (6.17) hold provided that

B B(n—1) 2-n
< <i> and C,0 <§\Z>
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But these are true thanks to the hypothesis (6.7).

Step 4. Completion of the proof. The proof of the theorem is completed using the
comparison principle for viscosity solutions of Proposition 6.1 and the initial hypothesis on
u, which guarantee that

(u—w)(z) < I%%X{u —wt} - % |z|?, forall ze, (6.19)
and
min{u—w"}+3 2> < (u—w)(x), forall zeQ. (6.20)
o\
Let us estimate the boundary values for u —w™ and u —w~. Recall that w(z) = 1 |z|? +
w(z) and u(z) = —cy(z) = —3 |z — $E(z) on 9. Hence
+ ) 2 — 1 ) 2 9}
uw(z) —w" (z) = u(z) —w(x) + §|z|” = —w(r) — XE(x) +5lz[” on OQ.

We are going to use Proposition 6.3 to estimate the behavior of w near V. In particular,
for x € 012,

d o digy 2 d\
w(z) > —C dist(z,V)n > —C(— + (7)5) "s_o(4)"
A A A
where we have used the assumption (6.3) and the definition of V' in the second inequality. It
follows that
28 2B
+ d " C d n
u(z) —wr(z) < C X —&—X—i—CdSC " for x € 9Q (6.21)
by our choice of § in (6.18). From (6.19) and (6.21) we conclude (6.8).
To estimate the values of u — w™ on Q\ Q7, let @ := u + c¢y. Then for z1,z2 € €, by
taking y; € O.u(z;) it is easy to see that |u(x1) —u(xe)| < max {|y1|, |y2|}|z1 — z2| + % Hence
it follows from the definition of m that

lu(z) — u(y)| < mlx —y| + % for all z,y € Q\Q".

As a consequence of this and as u > u — % |:E]2 — %, we obtain
_ _ C C
u(z) —w(x) > u(x) —w(r) — 3 > —ym — 5 Ve e Q\ QY (6.22)
taking into account that @ = 0 on 92 and w < 0. Hence, we have for x € Q\ Q7
_ 5112 C 0
u(r) —w (z) = u(r) —w(z) - §lz[° > —ym — 3 CE > —ym — C.
This together with (6.20) yields (6.9) and the theorem is proved. O

Remark. In the proof of Theorem 6.2, it might happen that z — ch\(—Vwi(m)) does not
belong to the domain of g for some z in Q. Therefore, My [w?] is not well defined at those .
However we do not have any problem since to apply Proposition 6.1 in Step 4 above we only
need to check My[w*] < f and M[w™] > f at points x where z — Vc}(—Vw®(z)) € .
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6.2 Sections are round

Here we compare sections S, (u, zg) of u to those of a solution of a Monge-Ampere equation.
Let [©] be the convex hull of  and w be the solution of

. (6.23)

det (I + D2w) =1 in [Q]
{ w :—Qlaz—y0|2 on 0J[Q],
which is given by w = w + % |z — yo\Q where w is the unique convex solution of det D?w = 1
in [©] and w = 0 on 0[]

Note that in Theorem 4.7 we already have a preliminary control of the sections of w.
However, we would like to obtain a more precise estimate using the comparison principle
from Theorem 6.2, that allows us to say that w is a good approximation for w, and this
approximation may be quantified explicitly. In the following three lemmas, we compare
sections of u and w by assuming in advance that ||u — w]| is small. We remind the reader
that the p-section of u was defined in (2.12) and (2.13), while the sections for w are defined
in (4.13) and (4.14).

Lemma 6.5. Let By C Q C [Q] C By, be a domain. Let u € C() be a cy-conver function
and yo € Ou(fY). Consider w be the solution of (6.23), and @, w be defined as above. Assume
that we have proved that

[ = 0| oo () S € (6.24)

for some € > 0. There exist some dimensional constants 6, > 0, pg >0, 79 >0 and C >0
such that if

on
dist (x,0[€]) < 5 for all x € 00 (6.25)
and xg €  is a minimum point of u in ), then we have

TM—051/2 (w, xo) (- S,u(u, xo) C T;H—C'el/2 (w,a:o) C Qs (6.26)

T’VL
for all i < pg, € < Top?.

Proof. Recall that w is the convex function satisfying det D?w = 1 in [©2] and @ = 0 on 9[€].
Let z € [Q] be the point where w attains its minimum value in [{2]; it exists because w is
a strictly convex function (see [6]). We would like to say that & and z( stay away from the
boundary of €. Indeed, [22, Proposition 3.2.3] gives an estimate for the value of w at its
minimum, |w(z)| ~ Cy, C,, dimensional constant, and from Alexandroff’s maximum principle
[22, Theorem 1.4.2], we get that dist(z,0[S2]) > d,, J, universal constant. It then follows
from the assumption (6.25) that dist(z, 0Q) > %”. Consequently, we obtain from (6.24) that
w(Z) — e < w(xg) — € < u(xg) < u(Z) < W(T) + ¢ ie.,

|u(zg) — w(Z)| <e. (6.27)

Since w(zp) < w(Z)+2¢e < —C,, if € is small enough, we conclude from Alexandroff’s maximum
principle that dist(zg, 9[?]) > d,. In particular, dist(zg, Q) > %’”‘ by (6.25).
In [Qs, :=={z € [Q] : dist(z,0[Q?]) > d,}, we can use Pogorelov’s estimates [22, formula
(4.2.6)], to get that
%I < D*w(x) < %I for all z € [Qs,,. (6.28)
Gy G
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With these in mind, it is known (see [23], for instance) that

\Vi(zo)| < Ce/2. (6.29)
We present the proof of (6.29) here for the sake of clarity. First of all, Taylor estimates give

w(wo) — w(wo) = (%) — w(xo) + 3(D*w(§)(x0 — T), 20 — 7) (6.30)

for some & between x¢ and z. Therefore, since xg, z € [§2]5,, we can use (6.27) and Pogorelov
estimates (6.28) in (6.30) to obtain

|z — x| < Ce/2, (6.31)
On the other hand,

1
Dito(wo) — Dito(F) = — /0 D(Ds) (w0 + 1 — 20)) - (7 — x0) dt,

thus using (6.31) we obtain the desired (6.29).
Now, we would like to say that the sections of w do not approach the boundary of 2.
Using Alexandroff principle again we know that T),(w,z) C Qs, for 0 < p < C,. Then,
4

because of (6.24), (6.27) and (6.29), there exist 79, 1o universal constants such that

Ty(w, o) C Toayzy,(w, ) C Qs

Tn
for € < ou? and p < po.

Next, we compare the sections of u and w. Let x € S, (u, o). Then, using (2.13), (6.24)
and (6.29), it follows,

w(x)

Hence, € T, c1/2(w) and the second inclusion of (6.26) is proved. The other inclusion is
very similar.

O]

We can also show that u is close to a quadratic polynomial:

Lemma 6.6. In the hypothesis of the previous lemma, there exist a positive definite matrix
M = A'A and a vector p € R™ satisfying

det M =1, 0<CiI<M<CyI, and |p|<Ce/?,

such that we have

B_cureip-1ar2)yyz C M_l/QTSH(ijo) C Bitoziu1a/2)va (6.32)
and
|[u(z) — (@(zo) + (p,x — z0) + 5(M(z — mg),x — 30))| < C(®? +€) (6.33)
for z € S, (u,xg), where Tx = A(x —x0) and u(z) = u(x)+c(x —yo). Or equivalently for u,
1/2

[u(x) — (u(wo) + (p — 0+ 90,2 — 20} + § (M — D)a = 20).x — o)) < C(u** + F

3 +€).
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Proof. The behavior of the sections of the function w follows from the following three claims
(that are proven in [23]).

1. There exist 79 and pg, 6,, dimensional constants, such that, for € < 7ou? and u < uo,
Tu(w7x0) C [Q}én

2. There exists u, such that if u < u, and v < %u, then

n Z

Ty (w, 20) C Ny (0T (w,z0)) and  OT,—~(w,z0) C Ny (0T, (w, z0)).  (6.34)

3. Let M = D?w(zg) and E = {z : $(D*w(zo)(z — m9),z — 29) < 1}. We compare
T, (w, xo) with ellipsoids and claim that

T, (w, z0) C N (Ou?E), (6.35)

for some structural constant C and all 0 < p < pu,,. Here the dilation is with respect to
the point zg.

We set o := min{po, i}, and let p < pig, € < op?. From (6.26) and (6.34), we obtain
6Su(u,x0) C NCM*1/261/2 (8Tu(w,xo)), (6.36)

which together with (6.35) gives

(9;9#(U, ZL‘o) C NC([L+/.L_1/261/2)(8M1/2E)‘ (637)
We also notice that
OuPE =g+ A7 <3B@> ) (6.38)

where M = A'A. If we let Tz = A(z — ), then we have that

T (N; (96'2E)) € B sy, (6.39)

and .
T (N; (96'2B)) € (Byga-japs) -

Hence taking § = C(u + p~/2€'/2) from (6.37) we get (6.32).

And for the second part of the lemma, using (6.32), the fact that ||A|| is bounded, and
that e < Tou?, we obtain S, (u,zg) C Beya/2(20). Then, taking p = Vi(zo) yields

2

a(e) — (alan) + (2 = a0) + (Mo~ a0), = )|

< |u(z) — w(x)| + ‘U‘f(x) — w(xo) = (p,x — w0) — %(M(ﬂc —x0),x — o) | + |@(x0) — u(zo)]

<2+ || DP0|| | le— o’ < Cle+ 1),

oul/2) |

as desired. Notice that |p| < Ce'/? by (6.29). O
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If the boundary of the convex hull of § is close to that of B, 5, then we can get better
estimates for M and 05,:

Lemma 6.7. In addition to the hypothesis of Lemma 6.5, suppose that € is a domain satis-
fying

for some 0 < o < 1. Then, there exist g > 0, 70 > 0 which are independent of o, a positive
definite matriz M = A'A, and p € R™ with

det M =1, (1=Co)[¢]* < (M&, ) < (1+Co)l¢f*,  |p| < Ce'/? and |p—=o| < Co (6.40)
such that for 0 < pu < pg and € < Topu? we have

B _c(opt/24pu-161/2))y2 C p TS, (u, 20) C B4 Clopt /2 p-161/2)) /30 (6.41)
and in S, (u, zo),
() — (o) + (p, & — w0) + LM (2 — 30), 3 — )| < Clop®? + ), (6.42)
where Tx = A(x — x0) and u(x) := u(z) + c(x — yo). Or equivalently,
1/2

[u(@) = (uwo) + (p = 70 + yo, & — m0) + H{(M = I)(w = w0), = 20)) | < Clo®? + =

N o

in Su(u, xg).
Proof. 1t is similar to that of Lemma 6.6. The only difference is that since now J[] C
N, 308, s3), we will get the following improvement of (6.35):

T, (w, 20) C Nowu(Ou?E). (6.43)

To do this, let P(z) = 3|z[* — 1, then det D?P(z) = 1. Since 9[Q] C N, z(0B, s3), we have
P —30 <0< P+ 30 on 0[] and by the comparison principle we get [|w — P|| o (jq)) < 30.
Since w is smooth, v := w — P satisfies the following uniformly elliptic linear equation

trace(D(x)D*v) = 0,

where D(x) = fol (tD*w(x) + (1 — t)I)~tdet(tD?*w(x) 4+ (1 — t)I) dt. Therefore, by interior
Schauder estimates
@ = Pllcz < Cllw— Pl < Co.

In particular, |p— x| = |Dw(zg) — DP(z0)| < Co and |D;;w(zg) — 65| < Co for 1 <i,j <mn.
By differentiating det D?w(z) = 1, we obtain that the function v = D(w — P) satisfies the

linearized equation
trace((D*w(z)) " D%*v) = 0.

Again by the interior Schauder estimates (C12OC estimates) we get

|1D%@] e, = |ID*(w — P)llzge, < ClID(w — P)|lzge, < Co. (6.44)
The rest of the proof is standard and follows as in [23, Lemma 1.2]. t
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Another ingredient that will be used in the iteration process in Section 7 is the following
gradient bound for the sections:

Proposition 6.8. Under the same assumptions and notations as in Lemma 6.5, we have

Lu(S,) € Beguyer 1) (o)
T Vite

for all p < pg and € < Top.

Proof. Let z € [Q] be the minimum point of w in [2]. Then we obtain from the regularity of w
and the proofs of Lemma 6.5 and Proposition 4.4 that S), C Tj12¢(w, Z) C Be,/7e(Z) C s,
Moreover since |4 — 0| joo(g) < €, we have [[u—w|[j o) < €+ % Thus we can apply
Lemma 3.4 with € ~ ¢ + £, R := 20/ +e and § == (e + §)/Cy/u+e. The lemma then
follows from the same arguments as in the proof of Corollary 4.6. 0

7 (%" estimates

Here we present the proof of the main theorem (Theorem 1.1). Let u be a solution of (1.1),
or equivalently (thanks to the results in Subsection 2.2), of

Myul= f inQ,
{aCAuA(Q): o (7.1)

for some A > 0. Fix dg > 0, and let
Qs, = {z € Q : dist(z,00) > o} .

We will find Ag and r > 0 depending on §y and « such that for all A > Ay, and for every point
xo € €5, it is possible to construct a second order polynomial in z, call it Fy, such that

lu(z) — Po(z)| < Clo — xo|* Vo € Bu(xo), (7.2)

for some o’ € (0,1) depending only on n, a and chosen later, and C' depending only on g,
n, A1, A, a, do, HfHCD‘(W)’ HgHCa (F)’ Q and . The constant ¢; > 0 will be made precise
1 51

in the proof and depends only on dy and universal constants.

The proof goes by induction. In the first step, we will compare the function w with
the solution of an optimal transport problem with quadratic cost. In the successive steps,
once we have localized the problem, the comparison will be with respect to a solution of a
Monge-Ampere equation with homogeneous Dirichlet boundary data.

7.1 Localization

We first localize the problem in a section so that we have control of the boundary data. Fix
any zo € {5, and yo € d.u(xp). The notion of sections for u at zp was defined in (2.12), or
equivalently for @(z) := u(z) + ¢(x — yo), as in (2.13). Note that o is a minimum point for
 in Q.

We make now one further simplification. It is enough to assume that x¢ = yo, i.e., that
po := —Ve(xg — yo) = 0. This can be achieved by substracting a linear function to the
potential wu.
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This first step in the induction argument was considered in Section 4. In fact, Proposi-
tion 4.1 shows that w is actually close in the L® norm to a strictly convex function w. It
also implies that the sections of u stay away from the boundary 9€2. This is done in Propo-
sition 4.4 and Corollary 4.5. These imply, in particular, that there exists a positive constant
w1 = (50,n,A1,A2,Q,Q’) satisfying: for all h < py we can find A\g > 0 depending on h
such that for all A > X, if u is the solution of (7.1) for the cost ¢y, then

Sh(u, zg) = Sp(u, o, yo) C Qcég'

Now we look at the image set. Note that Proposition 4.3 gives that 6cu(Qc5g) C le for

some small §; > 0 depending only on dy and universal constants. Since Q' is strongly convex
by the assumption, so is le and hence as in Lemma 2.3 we conclude that le is c}-convex

with respect to €. It then follows from [27] that aiocu(Q 058) C Qigl which allows to restrict

the dependence on g in the arguments to ||g|| .. , as stated in the main theorem.

(@,)
Next, Corollary 4.5 and its subsequent remark (see formulas (4.18) and (4.19)) show
that Sp(u,z0) C Bg,z(70) and there exists an affine transformation Tz = Az + b with

Cy < |det A[» h < Cy, A < Ch? and ||A~Y|| < Ch? such that

-1
Bk (0) € Q := TSy (u,z0) C B(0) and dist(z, d[Q]) < Ch for all z € O
Let us consider the function
t(x) == %[U(Tflx) —u(z) — c(zo —yo) — k], for =z € Q.
We expect that 4 satisfies the Monge-Ampeére equation:
{ §(x — V& (=Va)) det (I + D*&*(-Va)D*a) = f(z) in Q 3)
u(z) = —¢(x — Typ) on 09,

for f(z) = f(T~12), §(y) = g(T~'y) and
é(z) == —c(T'2) = %]w\Q + ;E(az) with A\ :=h72 A\

Equivalently, ¢*(z) = %c*(hth) by the Legendre transform.

We know from Lemma 2.3 that u is a weak solution of (7.1) in the Alexandroff sense.
However, its restriction to the section Sp(u,xg) may not be an Alexandroff weak solution,
and consequently, neither @ is a weak solution of (7.3). This is, in general, the main difficulty
one needs to overcome. In this regard, Proposition 5.2 easily shows that u is a viscosity
subsolution of Mjy[u] = f in Sp(u,zp). But the crucial ingredient is Corollary 5.4. As
|0cu(Sh(u, z0))|| < C by Corollary 4.6, we obtain from Theorem 4.7 and Corollary 5.4 that u

el
is also a viscosity supersolution of M) [u] = f in Sp,(u, zo) V> relative to Sy (u, xo). Therefore

by rescaling and using ||Al < ChZ, we see that @ is a viscosity subsolution in Q and a

~ ~ -1 -3
viscosity supersolution in Q7 relative to Q of equation (7.3) with v := Cf/XT = C\h/:T . Another
A
conclusion that Corollary 5.4 gives us is that @ is an Alexandroff weak solution of (7.3) in 7
relative to 2. We also have the following observation about the relationship between sections
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of @ and sections of u: S,(@,z1,y1) = TSph(u,Tflxl,Tflyl) for all z; € Q, y1 € O:u(z1)
and p > 0 as long as Sph(u,T_lxl,T_lyl) C Sp(u,xo). Hence for such sections, it follows
from Theorem 4.7 that

Sp(ﬁ,:rl,yl) C TBCM(T_lxl) C BC||T||\/p7h(x1) C Bcﬁ(xl). (7.4)

We will use the comparison principle for viscosity solutions from Theorem 6.2 to get a
better L*° approximation for @. In order to apply this theorem, we first need to verify the
assumptions. Without loss of generality, we can assume that zo = yo = 0 and f(zg) =
g(yo) = 1. We then have

F@) =1 = (T "2) = FO)] < |A72|* < |47 [2]* < Ch3[a|* for all 2 € Q.

In particular, ||f—1||Loo(Q) < Ch%. On the other hand for y € 8%0‘312((2) = Taiocu(Sh(u, o)),

we write y = Tx for x € 8iocu(5h(u, x0)) and thus
3(y) = 1 = lg(x) — g(0)| < Clw —0]* = C|A™"y|* < ChZ|y|*.

Therefore, we would like to apply Theorem 6.2 with d = Ch ', A~ X, 0~ 60 :=Ch? and
B > 0 satisfying (%)5 = 0o, where & = &(n,a) is chosen arbitrary as long as 0 < & <
[0}

—2 . Notice that 5 < 1 because we can assume without loss of generality that
n((n-1)2+17%a)

A > N\ > —S ensuring that % < @'« . Observe also that condition (6.7) is satisfied since
h™ 2

Ch

>—60w4f+ﬁfa)[

>

0
< Qo (el 5y

Thus as ||0:6(Q)||~ < C by Corollary 4.6 and v = €22 we conclude from Theorem 6.2
that

AN% T d\ % - A
U — =~ < = = = = a = @ = .
|| wHLw(Q) _Cmax{()\) , } C()\) co Ch €0, (7.5)
where w is the c4-convex solution of

det (I 4+ D*w) =1 in V::Né@[Q],
w :—%|$—Ty0|2 on JOV.

(Note that Ty € 0zu(Txo)). The above estimate holds for any 0 < h < p;. We now fix
h < p1 (and hence ) is fixed) such that eg = Tou?, where 0 < p < min{ug, 1/2} is a universal
constant whose precise value will be determined later and pg, 79 > 0 are the constants given
in Lemma 6.5. In order to prove u is C> at zo, it is enough to prove that its normalization
@ defined in Q is C%* at T'zy. However for simplicity, from now on we will abuse notations
by writing u, ¢, A, Q, f, g, ¢ and yg for a, ¢, X, Q, f, g, Tzo and Ty respectively. In
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particular, we have

Ch™1

Br(0) C Q C B,(0) and dist(z,9[Q]) < 3

for all x € 99,
Ch
A
Sp(u,z1,y1) C Bo,jp(z1) for all x1 € Sy (u,20), y1 € Ocu(r1) and p > 0 small,  (7.7)
@) =1 <Olel* VeeQ and |g(y) ~1| <Oly* vy € 9u®),

1 na+3
—<h 2 .
\ S

Define

u is an Alexandroff weak solution in 27 relative to 2 with g :=

u(x) :=u(x) + c(x —yo), for ze€Q.

7.2 Induction

To show that u (equivalently @) is €22 at the point xg, we will compare smaller and smaller
sections Sy, (u, zg) of u with those of a solution w of a Monge-Ampere equation with Dirichlet
boundary data. The precise inductive procedure will be carried out next.

First induction step. As a consequence of (7.5) and Lemma 6.6 we can find a transfor-
mation Thz = Aq(x — x0), where A; is a unitary matrix, such that C1|x|? < |A1z]? < Os|z|?
and

v with op 0= C(u'? + ,u_le(l)/Q). (7.8)

B(1*¢71)\/§ = 'u_l/QTlSH(u’$O) - B(1+Ul

Moreover,
|a(x) — (a(zo) + (p1, 7 — o) + (M (z — w0), . — 20)) | < C(u¥? + &) in  Su(u,wo),

where M; := A} A; and p; is some vector satisfying |p;| < 06(1)/2.

Now consider the rescaled function
1 _ _
u(z) = o [“(M1/2T1 ') — u(wo) — c(zo — yo) — l‘] , w e Q= PTS, (u, o).

If ulg, (u,zo) Were a viscosity solution of g(z — Ve*(—=Vu)) det (I + D?*c*(—Vu)D?u) = f(x)
in S,(u, o), then u; would be a viscosity solution of the following Monge-Ampere equation:

g1(x — Vel (=Vuy)) det (I + DZCT(—Vul)DQM) = fi(z) in Q, (7.9)
u(x) = —c1(z — ,u_%leo) on O, '
for
file) = (' PT ), gily) = g(u' T ty)
and /2
L opper 1o 1 P T ot
c(z) == ,uc(u T, x) = 5 |z|” + AlEl(x) with NS o

The definition of ¢; implies that ¢f(z) = %c* (1'/?Ttz). Tt also becomes clear now from (7.9)
that the boundary values of u; are controlled.
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Proposition 5.2 establishes that u is a viscosity subsolution of My[u] = f in S, (u, zo).
Moreover by using (7.5) and the fact Ch® = ey = Tou3, we obtain from Proposition 6.8 that
my = [|0eyu(Sy(u, x0)) || < Cpu'/?. Hence (7.6), (7.7) and Corollary 5.4 yield that u is

el
also a viscosity supersolution of My[u] = f in S, (u,zq) V> relative to S, (u,zg). When we
rescale and using [|A1]] < v/C2, we then know that u; is a viscosity subsolution in €y and

1
viscosity supersolution solution in ] relative to ; of equation (7.9) for v := CC3 MTI / V=

1 =
CCQQ;LTS/\/)\L Likewise up is also an Alexandroff weak solution of (7.9) in Q] relative to
;. Furthermore by using (7.7) and the same arguments leading to (7.4), we have

-1 1,
Sp(ur,m1,y1) C p2 TyBe /(=T a1) C Bejjay)yp(21) (7.10)

for all x1 € Qq, y1 € O,u1(x1) and p > 0 as long as Spu(u,u%Tflsvl,,u%Tflyl) C Su(u, zo).
Notice that we can apply Proposition 3.2 to say,

dist(x, 0[S, (u, z0)]) < % for all = € 0S,(u, o),

and after rescaling,

. C C -
dist(z, O[]) < u7 1Al < J:f#

Va € 0.

We have
@) — 1 = AT ) — 1] < Bud AT 2l < 0CT ) Fal = oufel® Vo e @, (7.11)
where 6; := 6(C71p)2 < 6. Also as M%Tflal?cul(ﬂl) = Giocu(Su(u,xg)),
91(y) = 1| = lg(u3 T 'y) — 1] < Bu [AT'Y|" < Oufy|® for all y € 1y (). (7.12)

Therefore, we would like to apply Theorem 6.2 with d = C/Cou™!, X ~ A, @ ~ 6; and
B > 0 satisfying ( )P = 9 . Notice that 8 < 1 because our condition on & yields

S 1/2,,—1 . n e
)i - 002# < C\/>H1/2M < CM(S = )01" <6, (7.13)
and
3 & —a A & (p— —Q n— @
% ED < On™5 () 702000 V0 < gy pp ("), (7.14)
1

Observe also that condition (6.7) is satisfied since
d \—B((n-12+=2a) 1/ dy\ =218
&) RSt )
-4 ((n— n=2q n a) & (n—2)(a—
< Rl g om0 t-2iey)

15 (0 20) s (penst) ¢

<2C,0
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We have checked all the hypotheses necessary to apply the comparison principle from Theo-
rem 6.2. Thus as ||0eu1 ()| 2 = ||~ 2T10:u(S,(u, 20))|| L~ < C by Proposition 6.8 and

1
v = CCQZuTs/\/)\l, we conclude from Theorem 6.2 that

L _3
d\2 czp7 28

— W] ey < C {(—)" 2 }:C@a:: : 7.15

lur — w1, () = max A o 1 €1 ( )
where wy is the ¢,-convex solution of
det (I + D*wy) =1 in V:= NQL& (4],
1
wi :—%‘m—u%leof on OV.

Then as €; < ¢y < 1942, Lemma 6.7 (now centered at xyp = 0) shows the existence of a positive
definite matrix M = A’A and a vector p € R" satisfying

det M =1, (1—-Co))l <M< (1+Co1)I, |p|<Coy
such that
_ . —1.1/2
Bi—gy)vz C Y2A8,,(u1,0) C B14gy)ya  With o= Clop? +p 161/ ). (7.16)
Moreover

|1 (2) — (@1(0) + (p,2) + $(Mz,2))| < C(o1p®? +e1) in Su(u1,0), (7.17)

=1 17 _
() = () + 1 — 02 Trgo) = - (004 T2) — ulao) = oo — yo) — 4]

Let My := A{M Ay, A; is computed in the previous step. Since My — My = A} (M —1I)A;,
we have that | My — M| < ||A1||? ||M — I|| < Coy. Also, because M = A'A, we have that
(1—Co)|z)? < |Az]* < (1+Coy) |z|?. If we let Ay := AA;, then My = Al Ay and therefore,

C(1—Cay)zl> < (1= Coy) | Az < |AA1z|> < (14 Coy) |[A1z)* < C(1 + Coy) |z]?,

that is [|A2]|* < C(1 4 Co1) and ||4;|]° < 1/C(1 = Coy).
On the other hand, S,(u1,0) = /,L_1/2T15u2 (u,zp). It follows from (7.16) that

Bi_p)v2 C p TS 0 (u, o) C B(14 )35 (7.18)
for Thx := Ay(x — x0). Moreover, from (7.17), letting = p~ /2T 2 we obtain
a(z) — (a(xo) + (p2, 2) + 3(Maz, 2))| < Cu (01u3/2 + 61) for all 2z € S,2(u, o),
where py := p/2Alp and so |pa| < Cpl/?0y.
We are now in good shape to iterate the induction process, that will be explained in

the following paragraphs. The crucial observation is that problem (7.9) is better than the
original one in the sense that the rescaled cost ¢; is closer to the quadratic one by a factor p'/2.
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Second induction step. We let

1 _ _
ug(z) = 2 [u(pTy L) —u(zg) — e(zo — yo) — u2] , T E€Qy:=p 1T25”2(U,$0).

Recall from (7.18) that B(;_, ) 5 C Q2 C By,,,)5- We know that u; is a viscosity subso-

lution of g1(z — Vcj(—=Vuy))det (I + D?ci(—Vui)D?uy) = fi in Su(u1,0). Moreover as

my = |[Oc,u1(Su(u1,0))|lr~ < Cy/p+e < Cy/m by the estimate (7.15) and Proposi-
tion 6.8, it follows from (7.10) and Corollary 5.4 that u; is also a viscosity supersolution
CllAl

in S, (u1,0) V21 relative to S, (u1,0) of the same equation. Also ug(x) = iul(ul/QA_la:),
Q2 = p~Y2AS,,(u1,0) and ||A|| < /Cz, where the matrix A is given in the previous step.
Therefore by rescaling we see that wug is a viscosity subsolution in €25 and viscosity superso-
lution solution in Q] relative to Qo with v := CC’g/fl/Q/\/)\l of the equation

92(x — V5 (—Vug)) det (I + DQC;(—VUQ)DQUQ) = fo(x) in Qo,
us(z) = —co(x — p~ Toyg) on 9Ny,
for
falz) == f(n' P A ) = f(uTy '), galy) = gi(u!PA7Yy) = g(uTy'y)
and
=gty = Lty = L L wn L.
co(x) = MCl('LL A" x) = Iu2c(,uT2 x) = 5 |z|” + )\2E2(1‘) with N o TN

Likewise uz is also an Alexandroff weak solution of the equation in Q3 relative to Q. It also
follows from (7.7) that

Sp(uz, 1,y1) C H71T2BCW(HT2_1$1) C Bejay) (1) (7.19)

for all x; € Qg, y1 € Oc,ua(x1) and p > 0 as long as Spuz(u,,uTglxl,uTglyl) C Sy2(u, o).
Moreover, Proposition 3.2 and the fact Qg = ,u_l/QASM(ul, 0) give

e, —1
dist(z, 0[]) < M%HAH)\Q < % Vo € 08s.
1 2

We have from (7.11) that
|fa(x) — 1| = |f1(u%A_1x) — 1| < O1p2|A7 2| < Oylz|®  for all z € Qy,

where 6y := 6, (C; )2 = 6(C7ip)® < 6y Also as M%A_lﬁlgcuz(ﬁg) = 8(1:?Cu1(5”(u1,0)),
(7.12) gives

1 «
l92(y) — 1] = |gr(p2 A y) — 1] < B3 |ATy|* < Bafy|®  for all y € O uy(Qy).

Therefore, we may apply Theorem 6.2 with d = CVCop ™, X~ Xg, 0 ~» 6y and B > 0
satisfying ()%)5 = 60,> . Notice that 8 <1 because it follows from (7.13) and (7.14) that
d

_ a4
)\Q_M /\1_M

na n& 1—n& n&
o 2 o

91 - Cl /1/ 2 02 S 02

n&
a

[NIES

50



and

1

Ao

1
2 < 2919 (n 2)(1—a)

o

1 Slm—2)(1— o o
_ o3 (araeeai-e) Goolyuogjaly n-2)(1-0)
< 0202%(71_2)(1—@‘

These also imply that condition (6.7) is satisfied since

C, (i)_ﬁ((n—l)Q-anQa) [92 Alz(;i)"n%—l)ﬁ]
< ac, o E I eRta) o g oyt

=) <1.
Thus as [|0xu2(Q2)| e = [~ Y2 A0 u1 (Sy(u1,0))||L= < C by Proposition 6.8 and v =
CCou 3/4 /v A2, we conclude from Theorem 6.2 that

[l us w2||Loo )<C'max{(j2)27£3 C2M_TB

where wy is the ¢,-convex solution of

{ det (I + Dng) =1

wy =

2a

T }20027 =: €9,

in V=N Q]
1 "
—glz—p

_ngyo 2 on OJV.
Then as €2 < €1 < ¢g < Tou”, Lemma 6.7 shows the existence of a positive definite matrix
A'A and a vector p € R" satisfying
det M =1,

(1=Co2)Il <M < (14 Coz)
such that

Ip| < Coo

together with

= Coop? + p'e/?);  (7.20)
|tia(x) — (42(0) + (p, x) + 3(Mz,x))| < C (o2p®? +€3) in S, (us,0)

(7.21)
tin () := ug(x) + cox — p 1 Toyo) =

: [ (MT :(;) — ’U,(xo) — C(%o - yO)
M3 - M2

.
Let M3z := A5M A, where the matrix As comes from the previous case. As before,
AL(M — I)AQ, so that | My — M| < [|Aa||* | M — I|| < C(1 + Co1)o, and also
(1—Coy) |z)? < |Az]* < (14+Coy)? ||
C(1—Co1)(1—Coy) |z)* <

If we let A3 := AAy, then M3 = AL A3 and therefore,
(1 — Coy) |Agz|* < |Asz|?
= |Adoz* < (1 + Coy) |[Agz* < C(1 + Coy)(1 + Coy) |z
that is

143]> < C(1 + Con)(1+ Coz) and ||451]° < o

001)(1 — 002) '
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Since S, (ug,0) = ,U/i]'TQS'U‘S (u, zp), it follows from (7.20) that for Tyz := As(z — x¢),

_3
Bi_gyva C 12 T38,3(uw, 0) C By o)y

Also by changing variables x = p~ 1Tz, we obtain from from (7.21) that
|u(z) — (a(wo) + (p3,2) + M3z, z))’ < Cu? (Jgu?’/Q + 62) for all 2z € S,s(u, o),

where p3 := pAbp and so |ps| < Cuy/C(1+ Coy) os.

The general induction step. It is clear from above steps that how the induction process
continues. The main point is the following: while the gradient of u deteriorates by a factor
of uk/ 2 (bad!) with respect to the gradient of the original u, on the other hand the cost cy, 18
closer to quadratic by the same factor (good!). The strategy is to find the right compensation
between the two facts.

Let us explain the main details of the k-th step given the (k — 1)-th step. From the
(k — 1)-th step, we have

24
[uk—1 = weallpoo(q, ) < OOy = €1, (7.22)

where Q1 := ,u_%Tk_lsukq(u, xo),

1 k=1, _
up—1 () = T [u(p 2 Tk_llaf) — u(zo) — ¢(xo — yo) — " 1]
and wy_1 is the c4-convex solution of
det (I+ Dka—l) =1 in V.= NeLd [Qk:—l],
k—1

_k=1 2
Wg_1 :—%|x—,u 2 Tk_lyo‘ on OV.

Also there is a positive definite matrix M = A’,;Ak such that for Tz := Ag(x — x0),

_k
To continue the process, we consider the rescaling function

1 _ _k
ug(x) == o [u(ung L2) — u(zo) — e(xo — yo) — ,uk} , € Qp=p ngSuk(u7$0). (7.23)

Note that the rescaled uy satisfies a Monge-Ampere equation (in the sense discussed in
the above two steps) with a new cost ¢, i.e.,

gre(z — Vg(—Vug)) det (I + DQC};(—Vuk)DQUk) = fr(z) in Q,
up(x) = —cx(z — p~ 2 Thgo) on O,

for

fi@) = foa(ui A ) = f(uaT '), gily) == e (u2A7'y) = g(u3 Ty ly)  (7.24)
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and

1 1 1
ck(x) == —ck_l(u%A_lx) = —kc(ung_lw) or equivalently cj(2) = —c” (,ungzz) ,

7 7 [
where the matrix A is given precisely in the (k — 1)-th step which in particular satisfy
Ay = AAj_1, |A]| € VCy and ||[A7Y < 01—1/2. Because ||A7|| is universally bounded, we

can write

1/2 k/2
cp(z) = % 2| + )\1]€Ek(x) with /\1k = fk/l — ”)\/
for some
|Ep(z)| < Cla*, |VEu(z)| < Cla*, |D*Ep(x)| < Clz.
We write
My, [uk] = fr
for

M [ug] = gk (z 4+ Vug + G(Vuy)) det [ + D?uy, + (D?up,) Hi (V)]

where Hj, and G}, satisfy for some universal constant C,
C C 9
| H (V) e < = 1Vl gy s 1GH(Vu) e < = IVukl2agey - (7:25)
Ak Ak

First observe that Proposition 3.2 and the fact ) = ,u_l/QASM(uk_l, 0) give

e —1
dist(z, 9[Q]) < /leHAH /\C < ¢ fQ'u Vo € 08.
k—1 k

Next since ,u%A_lﬁk = Qk_1, we obtain from the (k — 1)-th step that
|fr(x) — 1] = ]fk,l(,u%A_lx) — 1| < Op_yp2 AT 2] < Oglaz]™ for all z € Q,

where 0}, := Gk_l(Cl_l,u)% < 0j_1. Similarly as M%Aflc'?lgcuk(ﬁk) — gloc wp—1(Su(ug—1,0)),

Ck—1
1 (=3 — o o
19k (y) — 1] = |gr_1 (2 A7) — 1] < B3 |A Y[ < Oly|* for all y € 9 uy ().

We apply Theorem 6.2 with d = Cv/Cop™t, X ~ Mg, 0 ~ 65, and 8 > 0 satisfying ()\%)5 =

0,? . Notice that the constant d is the same for all steps. Also 8 < 1 because it follows from
the (k — 1)-th step that

i <ol = o e <o
and
1 X ) R h
i _ w2 < M%9k710§_(71172)(17a) _ CE (a+a(nf2)(1fa))M@[li(nim&}ekek%(n,g)(l,a)
e Ak—1
d(n—2)(1—a).

< 0pb7
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These also imply that condition (6.7) is satisfied because

Cn( d )-5((n—1)2+”;20¢) [ 1 ( d )"Zz(a—l)ﬂ}

o SRV
n& ((n— n-2, —na((p— n=2,
< a0, w (I 0reea) o gl (mfee) g

ko
Now use Theorem 6.2 with v = CC3 uTS /v Ak and continue the same procedure as done in
the first and second steps. Observe that we always have

im e { () B _ o [0 it} = o

2a ~24 N
because 6,* = 9%(Cf1u)ko‘ and & < 1/4.
Conclusion. The above induction process allows to construct a sequence of matrices M} =
Al Ay, transformations T, vectors p € R, and polynomials Py(z), k > 1, such that

Lodet My, =1, [[Mg+1— M| <C(1+Coq)---(1+ Cog_1)oy,
2. [|[All* < C(L+ Cor) -+ (1+ Copmr), AP < C[(1—Coy) -+ (1= Cop1)] 7,

4 @) = Pe(@)ll oo (s oy < O Hono1p®? + 1),

5. |pkl < Cu'7 /(1 + Co) - (1 + Cop_s) opr,
where

1. Py(z) :=t(z0) + (pr, x — mo) + 5 (My(z — m0), z — x0),
20 )
2. ¢g = 1op® and e = CO,* = eo(Cy ')k for k> 1,

3. 09 =1 and oy, = C(op_1p'/? + ,u_lellg/fl) for k > 1.

We would like to estimate oy. First choose p small enough such that o3 = C(1+ 7'0%)#% <
1. Then as the sequence {€}32, is decreasing to 0, it is clear that the sequence {0} }32, is
decreasing to 0 as well.

By induction we see that for all £ > 1

k—1
c - i

ok = (CV* + OV 3OV e
=0

Cel/? k-1 —&  aq.s

= Oyt + = (Ot o[0T e e
=0

—k&  ga-1)

Ce/? L CTRCTE

< Oy + = (Cypt L —

2 071012 pT

k&

<C(Cr'w)E
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Thus > 2, 0; is convergent and hence [[;2; (1+ Co;) and [[;2; (1 — Co;) converge to
some positive numbers since C'o; < 1/2 for all i large. Consequently, we obtain the following
estimates for all £ > 1:

— k=1 (k—1)a _ k&
1Al <O AN <O Ipel < Cpoz (Cr'p) 2 and [[Mysy — Myl| < C(Cr ') =

It follows that M) is a Cauchy sequence and hence M — M for some matrix M and
pr — 0 as k — oo. So if we let Py(x) := u(xg) + (M (z — z9), (x — x0)), then Py(xz) — Py(x)
pointwise in R". Recall also from Theorem 4.7 that B k/2(z0) C Syr(u,zo) for all k > 1.
Therefore, for any [ = 1,2, ... and for any = € Bg,/2(v0) C S,(u, v0), we obtain

a(z) — Po(x)| < [a(x) — Pi(z)| + |Pi(z) — Po(x)]

(e ¢]
< Cp N oy + 1) + ol |z — ol + > {(Mi — Mygr) (2 — 0), (z — 20))|
k=l
o0
(-ne & & /
SO (O ) < Ml ) < O s ),
k=l

<O Cr )

where the last inequality holds if we choose 0 < o/ < & (note that C; < 1). This yields (7.2)

as desired and we conclude that u is C%* at zg for any 0 < o/ < ———2——__ The proof
n((n—1)2+%a)

is completed.

References

[1] L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the space
of probability measures. Lectures in Mathematics ETH Ziirich. Birkh&user Verlag, Basel,
2005.

[2] Y. Brenier. Polar factorization and monotone rearrangement of vector-valued functions.
Comm. Pure Appl. Math., 44(4):375-417, 1991.

[3] L. Caffarelli and Y. Y. Li. A Liouville theorem for solutions of the Monge-Ampere
equation with periodic data. Ann. Inst. H. Poincaré Anal. Non Linéaire, 21(1):97-120,
2004.

[4] L. A. Caffarelli. Interior a priori estimates for solutions of fully nonlinear equations.
Ann. of Math. (2), 130(1):189-213, 1989.

[5] L. A. Caffarelli. Interior W?2P estimates for solutions of the Monge-Ampere equation.
Ann. of Math. (2), 131(1):135-150, 1990.

[6] L. A. Caffarelli. A localization property of viscosity solutions to the Monge-Ampeére
equation and their strict convexity. Ann. of Math. (2), 131(1):129-134, 1990.

[7] L. A. Caffarelli. The regularity of mappings with a convex potential. J. Amer. Math.
Soc., 5(1):99-104, 1992.

[8] L. A. Caffarelli. Boundary regularity of maps with convex potentials. Comm. Pure Appl.
Math., 45(9):1141-1151, 1992.

95



[9]

[10]

[11]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

L. A. Caffarelli. Allocation maps with general cost functions. In Partial differential
equations and applications, volume 177 of Lecture Notes in Pure and Appl. Math., pages
29-35. Dekker, New York, 1996.

L. A. Caffarelli. Boundary regularity of maps with convex potentials. II. Ann. of Math.
(2), 144(3):453-496, 1996.

L. A. Caffarelli. A priori estimates and the geometry of the Monge Ampeére equation. In
Nonlinear partial differential equations in differential geometry (Park City, UT, 1992),
volume 2 of IAS/Park City Math. Ser., pages 5-63. Amer. Math. Soc., Providence, RI,
1996.

L. A. Caffarelli and X. Cabré. Fully nonlinear elliptic equations, volume 43 of Amer-
ican Mathematical Society Colloquium Publications. American Mathematical Society,
Providence, RI, 1995.

L. A. Caffarelli, C. E. Gutiérrez, and Q. Huang. On the regularity of reflector antennas.
Ann. of Math. (2), 167(1):299-323, 2008.

M. de Guzmaén. Differentiation of integrals in R™. In Measure theory (Proc. Conf.,
Oberwolfach, 1975), pages 181-185. Lecture Notes in Math., Vol. 541. Springer, Berlin,
1976.

P. Delanoé. Gradient rearrangement for diffeomorphisms of a compact manifold. Dif-
ferential Geom. Appl., 20(2):145-165, 2004.

P. Delanoé and Y. Ge. Regularity of optimal transport on compact, locally nearly
spherical, manifolds. J. Reine Angew. Math., 646:65-115, 2010.

A. Figalli, Y.-H. Kim, and R. J. McCann. Continuity and injectivity of optimal maps
for non-negatively cross-curved costs. Preprint 2009.

A. Figalli and G. Loeper. C! regularity of solutions of the Monge-Ampere equation for
optimal transport in dimension two. Calc. Var. Partial Differential Equations, 35(4):537—
550, 2009.

W. Gangbo and R. J. McCann. Optimal maps in Monge’s mass transport problem. C.
R. Acad. Sci. Paris Sér. I Math., 321(12):1653-1658, 1995.

W. Gangbo and R. J. McCann. The geometry of optimal transportation. Acta Math.,
177(2):113-161, 1996.

D. Gilbarg and N.S. Trudinger. Elliptic Partial Differential Equations of Second Order.
Springer—Verlag, New York, 2001.

C. E. Gutiérrez. The Monge-Ampére equation. Progress in Nonlinear Differential Equa-
tions and their Applications, 44. Birkh&duser Boston Inc., Boston, MA, 2001.

C. E. Gutiérrez, Q. Huang and T. V. Nguyen. Interior Holder estimates for solutions of
the Monge-Ampere equation. Preprint.

C. E. Gutiérrez and T. V. Nguyen. On Monge-Ampere type equations arising in optimal
transportation problems. Calc. Var. Partial Differential Equations, 28(3):275-316, 2007.

56



[25]

[26]

[27]

28]

[29]

G. Loeper. On the regularity of solutions of optimal transportation problems. Acta
Math., 202(2):241-283, 2009.

Y.-H. Kim and R. J. McCann. Continuity, curvature, and the general covariance of
optimal transportation. Oberwolfach Rep. 4: 2060-2062, 2007.

X.-N. Ma, N. S. Trudinger, and X.-J. Wang. Regularity of potential functions of the
optimal transportation problem. Arch. Ration. Mech. Anal., 177(2):151-183, 2005.

R. Schneider. Convezx bodies: the Brunn-Minkowski theory. Encyclopedia of Mathematics
and its Applications, 44. Cambridge University Press, Cambridge, 1993.

N. S. Trudinger and X.-J. Wang. On strict convexity and continuous differentiability of
potential functions in optimal transportation. Arch. Ration. Mech. Anal., 192(3):403—
418, 20009.

N. S. Trudinger and X.-J. Wang. On convexity notions in optimal transportation.
Preprint, 2008.

N. S. Trudinger and X.-J. Wang. On the second boundary value problem for Monge-
Ampere type equations and optimal transportation. Ann. Sc. Norm. Super. Pisa Cl.
Sci. (5), 8(1):143-174, 2009.

C. Villani. Topics in optimal transportation, volume 58 of Graduate Studies in Mathe-
matics. American Mathematical Society, Providence, RI, 2003.

C. Villani. Optimal transport, Old and new, volume 338 of Grundlehren der Mathema-
tischen Wissenschaften [Fundamental Principles of Mathematical Sciences/]. Springer-
Verlag, Berlin, 2009.

M. Warren. Regularity for a log-concave to log-concave mass transfer problem with near
Euclidean cost. Comm. Anal. Geom. 19, no. 1, 191-208, 2011.

57



