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This chapter is concerned with the description of the Small Trees website
which can be found at the following web address:

http://www.math.tamu.edu/∼lgp/small-trees/small-trees.html

The goal of the website is to make available in a unified format vari-
ous algebraic features of different phylogenetic models. In the first section,
we describe a detailed set of notational conventions for describing the phy-
logenetic models on trees which are listed on this website. This includes
conventions for writing down the parameterizations given a tree as well as
describing the Fourier transform and writing down phylogenetic invariants
in Fourier coordinates. The second section gives a brief description of each
of the types of algebraic information which are associated to a model and a
tree on the Small Trees website. The third section contains an example of a
page on the website. The final section is concerned with simulation studies
of using algebraic invariants to recover phylogenies using the invariants for
the Kimura 3–parameter model.

1 Notational Conventions

1.1 Labeling trees

We assume that each phylogenetic model is presented with a particular tree
T together with a figure representing that tree. The figures of trees with up
to five leaves will be the ones that can be found on the Small Trees website.

1.1.1 Rooted trees

If T is a rooted tree, there is a distinguished vertex of T called the root and
labeled by the letter r. The tree T should be drawn with the root r at the
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top of the figure and the edges of the tree below the root. Each edge in the
tree is labeled with a lowercase letter a, b, c, . . .. The edges are labeled in
alphabetical order starting at the upper left hand corner, proceeding left to
right and top to bottom. The leaves are labeled with the numbers 1, 2, 3, . . .
starting with the left–most leaf and proceeding left to right. Figure 1 shows
the “giraffe” tree with four leaves and its labeling.
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Figure 1: The giraffe tree on four leaves

1.1.2 Unrooted trees

If T is an unrooted tree, it should be drawn with the leaves in a circle. The
edges of T are labeled with lower–case letters a, b, c, . . . in alphabetical order
starting at the upper left–hand corner of the figure and proceeding left to
right and top to bottom. The leaves are labeled with the numbers 1, 2, 3, . . .
starting at the first leaf “left of 12 o’clock” and proceeding counterclockwise
around the perimeter of the tree. Figure 2 illustrates this on the “quartet”
tree.
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Figure 2: The quartet tree on four leaves
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1.2 Parameterizations

Associated to each node in a model is a random variable with two or four
states depending on whether we are looking at binary data or DNA data. In
the case of binary data these states are {0, 1} and for DNA data they are
{A,C,G, T} in this order.

1.2.1 Root Distribution

The root distribution is a vector of length two or four depending on whether
the model is for binary or DNA sequences. The name of this vector is r. Its
entries are parameters r0, r1, r2, . . . and are filled in from left to right and are
recycled as the model requires.

Example 1. In the general strand symmetric model r always denotes the
vector

r = (r0, r1, r1, r0).

We tacitly assume that the entries in r sum to 1, though we do not
eliminate a parameter to take this into account. If the model assumes
a uniform root distribution, then r has the form r = (1/2, 1/2) or r =
(1/4, 1/4, 1/4, 1/4) according to whether the model is for binary or DNA
data.

1.2.2 Transition Matrices

In each type of model, the letters a, b, c, . . . which label the edges are also
the transition matrices in the model. These are either 2×2 or 4×4 matrices
depending on whether the model is a model for binary data or DNA data.
In each case, the matrix is filled from left to right and top to bottom with
unknown parameters, recycling a parameter whenever the model requires it.
For the transition matrix of the edge labeled with x these entries are called
x0, x1, x2, . . ..

Example 2. For example, in the Kimura 3–parameter model the letter a
represents the matrix

a =









a0 a1 a2 a3

a1 a0 a3 a2

a2 a3 a0 a1

a3 a2 a1 a0









.
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The Kimura 2–parameter and Jukes–Cantor models give rise to specializa-
tions of the parameters in the Kimura 3–parameter model, and hence the
letters denoting the parameters are recycled. For instance, the letter c in
the Jukes–Cantor DNA model and the letter d in the Kimura 2–parameter
model represent the following matrices

c =









c0 c1 c1 c1

c1 c0 c1 c1

c1 c1 c0 c1

c1 c1 c1 c0









, d =









d0 d1 d2 d1

d1 d0 d1 d2

d2 d1 d0 d1

d1 d2 d1 d0









.

In the general strand symmetric model the letter e always represents the
matrix

e =









e0 e1 e2 e3

e4 e5 e6 e7

e7 e6 e5 e4

e3 e2 e1 e0









.

We assume that the entries of these matrices satisfy additional linear
constraints which make them into transition matrices. For instance, in the
Jukes-Cantor DNA model, this constraint is c0 + 3c1 = 1 and in the general
strand symmetric model the two linear relations are e0 + e1 + e2 + e3 = 1
and e4 + e5 + e6 + e7 = 1. We do not, however, use these linear relations to
eliminate parameters.

1.2.3 Molecular Clock Assumption

The molecular clock (MC) assumption for a rooted tree T is defined as the
assumption that, for each subtree, along each path from the root of that
subtree to any leave i the product of the transition matrices corresponding
to the edges are identical. As the edges in the path are read down the tree,
the matrices are multiplied left to right.

Example 3. For the giraffe tree in Figure 1 the MC assumption translates
into the following identities:

a = b = cd = ce and d = e.

These equalities of products of parameter matrices suggest that some
parameter matrices should be replaced with products of other parameter
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matrices and their inverses. This makes the parameterization involve rational
functions (instead of just polynomials).

Here is a systematic rule for making these replacements. Starting from the
bottom of the tree, make replacements for transition matrices. Each vertex
in the tree induces equalities among products of transition matrices along all
paths emanating downward from this vertex. Among the edges emanating
downward from a given vertex, all but one of the transition matrices for
these edges will be replaced by a product of other transition matrices and
their inverses. When choosing replacements, always replace the transition
matrix which belongs to the shorter path to a leaf. If all such paths have
the same length, replace the matrices which belong to the left most edges
emanating from a vertex.

Example 4. In the 4–leaf giraffe tree from the previous example, we replace
the matrix d with e and we replace the matrices a and b with ce. Thus, when
we write the parameterization in probability coordinates only the letters c
and e will appear in the parameterizing polynomials.

1.2.4 Specifying the Joint Distribution

The probabilities of the leaf colorations of a tree with n leaves are denoted
by pW where W is a word of length n in the alphabet {0, 1} or {A,C,G, T}.
Every probability indeterminate pW is a polynomial in the parameters of
the model. Two of these probabilities pW and pU are equivalent if their
defining polynomials are identical. This divides the 2n or 4n probabilities into
equivalence classes. The elements of each class are ordered lexicographically,
and the classes are ordered lexicographically by their lexicographically first
elements.

Example 5. For the Jukes–Cantor DNA model with uniform root distribu-
tion on a three taxa claw tree there are five equivalence classes:

• Class 1: pAAA pCCC pGGG pTTT

• Class 2: pAAC pAAG pAAT pCCA pCCG pCCT pGGA pGGC pGGT pTTA

pTTC pTTG

• Class 3: pACA pAGA pATA pCAC pCGC pCTC pGAG pGCG pGTG pTAT

pTCT pTGT
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• Class 4: pACC pAGG pATT pCAA pCGG pCTT pGAA pGCC pGTT pTAA

pTCC pTGG

• Class 5: pACG pACT pAGC pAGT pATC pATG pCAG pCAT pCGA pCGT

pCTA pCTG pGAC pGAT pGCA pGCT pGTA pGTC pTAC pTAG pTCA pTCG

pTGA pTGC

For each class i there will be an indeterminate pi which denotes the sum of
the probabilities in the class i. For these N probabilities the expression for the
probability pi as a polynomial or rational function in the parameters appears
on the webpage (if these expressions are small enough) or in a separate linked
page for longer expressions.

Example 6. In the 3–taxa claw tree with Jukes–Cantor model and uniform
root distribution these indeterminates are:

p1 = a0b0c0 + 3a1b1c1

p2 = 3a0b0c1 + 3a1b1c0 + 6a1b1c1

p3 = 3a0b1c0 + 3a1b0c1 + 6a1b1c1

p4 = 3a1b0c0 + 3a0b1c1 + 6a1b1c1

p5 = 6a0b1c1 + 6a1b0c1 + 6a1b1c0 + 6a1b1c1

Note that p1 + p2 + p3 + p4 + p5 = 1 after substituting a0 = 1 − 3a1,
b0 = 1 − 3b1 and c0 = 1 − 3c1.

1.3 Fourier Coordinates

Often we will describe these phylogenetic models in an alternate coordinate
system called the Fourier coordinates. This change of coordinates happens
simultaneously on the parameters and on the probability coordinates them-
selves.

1.3.1 Full Fourier Transform

Each of the 2n or 4n Fourier coordinate are denoted by qW where W is a
word in either {0, 1} or {A,C,G, T}.

The Fourier transform from pU to qW is given by the following rule:
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pi1···in =
∑

j1,...,jn

χj1(i1) · · ·χ
jn(in)qj1···jn

,

qi1···in =
1

kn

∑

j1,...,jn

χi1(j1) · · ·χ
in(jn)pi1···in .

Here χi is the character of the group associated to the ith group element.
The character tables of the groups we use, namely Z2 and Z2 × Z2 are:

0 1
0 1 1
1 1 −1

and

A C G T
A 1 1 1 1
C 1 −1 1 −1
G 1 1 −1 −1
T 1 −1 −1 1

In other words, χi(j) is the (i, j) entry in the appropriate character table.
One special feature of this transformation is that the Fourier transform of
the joint distribution has a parameterization that can be written in product
form; we refer to [2, 5, 6] for a detailed treatment of the subject. Equiva-
lently, the Fourier transform simultaneously diagonalizes all transition ma-
trices. Therefore, we replace the transition matrices a, b, c, . . . for diagonal
matrices denoted A,B,C, . . ., where A has diagonal elements A1, A2, A3, A4;
B has diagonal elements B1, B2, B3, B4; etc. Since we will only use the entries
of the previous diagonal matrices, there will be no confusion, for example,
between the matrix A and the base A. Furthermore, these parameters must
satisfy the relations imposed by the corresponding model and the Molecular
Clock assumption. For instance, in the Jukes–Cantor model we have the
relations A2 = A3 = A4, B2 = B3 = B4.

The qW are polynomials or rational functions in the transformed param-
eters. They are given parametrically as

qi1···in :=

{ ∏

e∈E Me(ke) if in = i1 + i2 + · · · + in−1 in the group
0 otherwise

where Me is the corresponding diagonal matrix associated to edge e, and ke

is the sum (in the corresponding group) of the labels at the leaves that are
“beneath” the edge e.

We say that qW and qU are equivalent if they represent the same poly-
nomial in terms of these parameters. These Fourier coordinates are grouped
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into equivalence classes. The elements in the equivalence classes are ordered
lexicographically. Most of the Fourier coordinates qW are zero and these are
grouped in class 0. The others are ordered Class 1, Class 2, lexicographically
by their lexicographically first element.

Example 7. Here we display the classes of Fourier coordinates for the Jukes–
Cantor DNA model on the 3 leaf claw tree.

• Class 0: qAAC qAAT . . .

• Class 1: qAAA

• Class 2: qACC qAGG qATT

• Class 3: qCAC qGAG qTAT

• Class 4: qCCA qGGA qTTA

• Class 5: qCGT qCTG qGCT qGTC qTCG qTGC

We replace each of the Fourier coordinates in class i by the new Fourier
coordinate qi. We take qi to be the average of the qW in class i since this
operation is better behaved with respect to writing down invariants.

1.3.2 Specialized Fourier Transform

We also record explicitly the linear transformation between the pi and the qi

by recording a certain rational matrix which describes this transformation.
This is the specialized Fourier transform. In general, this matrix will not be
a square matrix. This is because there may be additional linear relations
among the pi which are encoded in the different qi classes. Because of this
ambiguity, we also explicitly list the inverse map.

It is possible to obtain the matrix that represents the specialized Fourier
transform from the matrix that represents the full Fourier transform. If M
represents the matrix of the full Fourier transform and N the matrix of the
specialized Fourier transform, then Nij, (the entry indexed by the ith Fourier
class and the jth probability class) is given by the formula:

Nij =
1

|Ci||Dj|

∑

U∈Ci

∑

W∈Dj

MUW
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where Ci is the ith equivalence class of Fourier coordinates and Dj is the
jth equivalence class of probability coordinates. We do not include the 0th
equivalence class of Fourier coordinates in the previous formula.

Example 8. In the Jukes–Cantor DNA model on the 3 leaf claw tree the
specialized Fourier transform matrix is













1 1 1 1 1
1 1 −1

3
−1

3
−1

3

1 −1

3
1 −1

3
−1

3

1 −1

3
−1

3
1 −1

3

1 −1

3
−1

3
−1

3

1

3













.

2 Description of website features

We give a brief description of the various items described on the website.
Dimension (D): The dimension of the model.

Degree (d): The degree of the model. Algebraically, this is defined as
the number of points in the intersection of the model and a generic (i.e.
“random”) subspace of dimension 4n minus the dimension of the model.

Maximum Likelihood Degree (mld): The maximum likelihood degree of
the model. See section ??.

Number of Probability Coordinates (np): Number of equivalences classes
of the probability coordinates. See the preceding section.

Number of Fourier Coordinates (nq): Number of equivalence classes
of Fourier coordinates without counting Class 0 (see the preceding section).
This is also the dimension of the smallest linear space that contains the
model.

Specialized Fourier Transform: See the preceding section for a descrip-
tion.

Phylogenetic Invariants: A list of generators of the prime ideal of phylo-
genetic invariants. These are given in the Fourier coordinates.

Singularity Dimension (sD): The dimension of the set of singular points
on the model.

Singularity Degree (sd): The algebraic degree of the set of singular points
on the model.
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3 Example

Here we describe the Jukes–Cantor model on the quartet tree (see Figure 2)
in more detail.

Dimension: D = 5 (note that there are only 5 independent parameters, one
for each transition matrix.)

Degree: d = 34.

Number of Probability Coordinates: np = 15 and the classes are rep-
resented by:

p1 = a0b0c0d0e0 + 3a1b0c1d1e0 + 3a0b1c1d0e1 + 3a1b1c0d1e1 + 6a1b1c1d1e1,

p2 = 3(a0b1c0d0e0 + 3a1b1c1d1e0 + a0b0c1d0e1 + 2a0b1c1d0e1

+ a1b0c0d1e1 + 2a1b1c0d1e1 + 2a1b0c1d1e1 + 4a1b1c1d1e1),

p3 = 3(a0b1c1d0e0 + a1b1c0d1e0 + 2a1b1c1d1e0 + a0b0c0d0e1

+ 2a0b1c1d0e1 + 2a1b1c0d1e1 + 3a1b0c1d1e1 + 4a1b1c1d1e1),

p4 = 3(a0b0c1d0e0 + a1b0c0d1e0 + 2a1b0c1d1e0 + a0b1c0d0e1

+ 2a0b1c1d0e1 + 2a1b1c0d1e1 + 7a1b1c1d1e1),

p5 = 6(a0b1c1d0e0 + a1b1c0d1e0 + 2a1b1c1d1e0 + a0b1c0d0e1 + a0b0c1d0e1

+ a0b1c1d0e1 + a1b0c0d1e1 + a1b1c0d1e1 + 2a1b0c1d1e1 + 5a1b1c1d1e1),

p6 = 3(a1b0c1d0e0 + a0b0c0d1e0 + 2a1b0c1d1e0 + a1b1c0d0e1

+ 2a1b1c1d0e1 + 2a1b1c0d1e1 + 3a0b1c1d1e1 + 4a1b1c1d1e1),

p7 = 3(a1b1c1d0e0 + a0b1c0d1e0 + 2a1b1c1d1e0 + a1b0c0d0e1 + 2a1b1c1d0e1

+ 2a1b1c0d1e1 + a0b0c1d1e1 + 2a1b0c1d1e1 + 2a0b1c1d1e1 + 2a1b1c1d1e1),

p8 = 6(a1b1c1d0e0 + a0b1c0d1e0 + 2a1b1c1d1e0 + a1b1c0d0e1

+ a1b0c1d0e1 + a1b1c1d0e1 + a1b0c0d1e1 + a1b1c0d1e1

+ a0b0c1d1e1 + a1b0c1d1e1 + 2a0b1c1d1e1 + 3a1b1c1d1e1),

p9 = 3(a1b1c0d0e0 + a0b1c1d1e0 + 2a1b1c1d1e0 + a1b0c1d0e1 + 2a1b1c1d0e1

+ a0b0c0d1e1 + 2a1b1c0d1e1 + 2a1b0c1d1e1 + 2a0b1c1d1e1 + 2a1b1c1d1e1),

p10 = 3(a1b0c0d0e0 + a0b0c1d1e0 + 2a1b0c1d1e0 + 3a1b1c1d0e1

+ a0b1c0d1e1 + 2a1b1c0d1e1 + 2a0b1c1d1e1 + 4a1b1c1d1e1),
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p11 = 6(a1b1c0d0e0 + a0b1c1d1e0 + 2a1b1c1d1e0 + a1b0c1d0e1

+ 2a1b1c1d0e1 + a1b0c0d1e1 + a0b1c0d1e1 + a1b1c0d1e1

+ a0b0c1d1e1 + a1b0c1d1e1 + a0b1c1d1e1 + 3a1b1c1d1e1),

p12 = 6(a1b1c1d0e0 + a1b1c0d1e0 + a0b1c1d1e0 + a1b1c1d1e0

+ a1b1c0d0e1 + a1b0c1d0e1 + a1b1c1d0e1 + a0b0c0d1e1

+ a1b1c0d1e1 + 2a1b0c1d1e1 + 2a0b1c1d1e1 + 3a1b1c1d1e1),

p13 = 6(a1b1c1d0e0 + a1b1c0d1e0 + a0b1c1d1e0 + a1b1c1d1e0

+ a1b0c0d0e1 + 2a1b1c1d0e1 + a0b1c0d1e1 + a1b1c0d1e1

+ a0b0c1d1e1 + 2a1b0c1d1e1 + a0b1c1d1e1 + 3a1b1c1d1e1),

p14 = 6(a1b0c1d0e0 + a1b0c0d1e0 + a0b0c1d1e0 + a1b0c1d1e0 + a1b1c0d0e1

+ 2a1b1c1d0e1 + a0b1c0d1e1 + a1b1c0d1e1 + 2a0b1c1d1e1 + 5a1b1c1d1e1),

p15 = 6(a1b1c1d0e0 + a1b1c0d1e0 + a0b1c1d1e0 + a1b1c1d1e0 + a1b1c0d0e1

+ a1b0c1d0e1 + a1b1c1d0e1 + a1b0c0d1e1 + a0b1c0d1e1 + a0b0c1d1e1

+ a1b0c1d1e1 + a0b1c1d1e1 + 4a1b1c1d1e1).

Number of Fourier Coordinates: nq = 13. The classes are:

q1 = qAAAA,

q2 = qAACC , qAAGG, qAATT ,

q3 = qACAC , qAGAG, qATAT ,

q4 = qACCA, qAGGA, qATTA,

q5 = qACGT , qACTG, qAGCT , qAGTC , qATCG, qATGC ,

q6 = qCAAC , qGAAG, qTAAT ,

q7 = qCACA, qGAGA, qTATA,

q8 = qCAGT , qCATG, qGACT , qGATC , qTACG, qTAGC ,

q9 = qCCAA, qGGAA, qTTAA,

q10 = qCCCC , qCCGG, qCCTT , qGGCC , qGGGG, qGGTT ,

qTTCC , qTTGG, qTTTT ,

q11 = qCGAT , qCTAG, qGCAT , qGTAC , qTCAG, qTGAC ,

q12 = qCGCG, qCGGC , qCTCT , qCTTC , qGCCG, qGCGC ,

qGTGT , qGTTG, qTCCT , qTCTC , qTGGT , qTGTG,

q13 = qCGTA, qCTGA, qGCTA, qGTCA, qTCGA, qTGCA.
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Specialized Fourier Transform:
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Phylogenetic Invariants: We computed the phylogenetic invariants using
the results of [5]. The invariants of degree 2 are:

q1q10 − q2q9, q3q7 − q4q6, q3q8 − q5q6,

q4q8 − q5q7, q3q13 − q4q11, q3q12 − q5q11,

q4q12 − q5q13, q6q13 − q7q11, q6q12 − q8q11,

q7q12 − q8q13.

The invariants of degree 3 associated to the left interior vertex are:

q1q11q11 − q3q6q9, q1q11q13 − q3q7q9, q1q11q12 − q3q8q9,

q1q13q11 − q4q6q9, q1q13q13 − q4q7q9, q1q13q12 − q4q8q9,

q1q12q11 − q5q6q9, q1q12q13 − q5q7q9, q1q12q12 − q5q8q9,

q2q11q11 − q3q6q10, q2q11q13 − q3q7q10, q2q11q12 − q3q8q10,

q2q13q11 − q4q6q10, q2q13q13 − q4q7q10, q2q13q12 − q4q8q10,

q2q12q11 − q5q6q10, q2q12q13 − q5q7q10, q2q12q12 − q5q8q10.
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The invariants of degree 3 associated to the right interior vertex are:

q1q5q5 − q3q4q2, q1q5q8 − q3q7q2, q1q5q12 − q3q13q2,

q1q8q5 − q6q4q2, q1q8q8 − q6q7q2, q1q8q12 − q6q13q2,

q1q12q5 − q11q4q2, q1q12q8 − q11q7q2, q1q12q12 − q11q13q2,

q9q5q5 − q3q4q10, q9q5q8 − q3q7q10, q9q5q12 − q3q13q10,

q9q8q5 − q6q4q10, q9q8q8 − q6q7q10, q9q8q12 − q6q13q10,

q9q12q5 − q11q4q10, q9q12q8 − q11q7q10, q9q12q12 − q11q13q10.

The maximum likelihood degree, the singularity dimension and the sin-
gularity degree are computationally difficult to achieve and we have not been
able to compute them using computer algebra programs.

4 Using the invariants

In this section we report some of the experiments we have made for inferring
small trees using phylogenetic invariants. These experiments were made us-
ing the invariants for trees with 4 taxa on the Kimura 3–parameter model that
can be found in our website [1] which were computed using the Sturmfels–
Sullivant theorem [5]. The results obtained show that phylogenetic invariants
are an efficient method for tree reconstruction.

We implemented an algorithm that performs the following tasks. Given
4 DNA sequences s1, s2, s3, s4, it first counts the number of occurrences of
each pattern for the topology ((s1, s2), s3, s4). Then it changes these absolute
frequencies to Fourier coordinates. From this, we have the Fourier transforms
in the other two possible topologies for trees with 4 species. We then evaluate
all the phylogenetic invariants for the Kimura 3–parameter model in the
Fourier coordinates of each tree topology. We call sT

f the absolute value of
this evaluation for the polynomial f and tree topology T . From these values
{sT

f }f
, we produce a score for each tree topology T , namely s(T ) =

∑

f |s
T
f |.

The algorithm then chooses the topology that has minimum score.
There was an attempt to define the score as the Euclidean norm of the

values sT
f , but from our experiments, we deduced that the 1–norm chosen

above performs better.
We then tested this algorithm for different sets of sequences. We used the

program evolver from the package PAML [7] to generate sequences according
to the Kimura 2–parameter model with transition/transversion ratio equal
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to 2 (typical value of mammalian DNA). In what follows we describe the
different tests we made and the results we obtained.

We generated 4–taxa trees with random branch lengths uniformly dis-
tributed between 0 and 1. We performed 600 tests for sequences of lengths
between 1000 and 10,000. The percentage of trees correctly reconstructed
can be seen in Figure 3.
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Figure 3: Percentage of trees correctly reconstructed with random branch
lengths uniformly distributed between 0 and 1.

We observed that our method fails to reconstruct the right tree mainly
when the length of the interior edge of the tree is small compared to the
other branch lengths. More precisely, in the trees that cannot be correctly
inferred, the length of the interior edge is about 10% the average length of
the other edges.

Our method was also tested by letting the edge lengths be normally dis-
tributed with a given mean µ. We chose the values 0.25, 0.05, 0.005 for the
mean µ, following [3]. We also let the standard deviation be 0.1µ. In this case,
we tested DNA sequences of lengths ranging from 50 to 10,000. Here, we only
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display the results for sequences of length up to 1000, because we checked
that for larger sequences, we always infer the correct tree. For each sequence
length in {50, 100, 200, 300, 400, 500, 600, 700, 800, 900, 1000}, we generated
edge lengths normally distributed with mean µ using the data analysis pro-
gram R [4]. and we performed 10 tests with our algorithm. We repeated
this process 10 times, so that we generated 100 sequences for each mean and
sequence length. The results are presented in Figure 4.
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Figure 4: Percentage of trees correctly reconstructed with edge lengths nor-
mally distributed with mean equal to 0.25, 0.05, 0.005.

From Figure 4, we see that for µ = 0.25 or µ = 0.05, it is enough to
consider sequences of length 200 to obtain a 100% efficiency. A much smaller
mean such as µ = 0.0005 was also tested. In this case, an efficiency over 90%
was only obtained for sequences of length ≥ 3000.

The method presented here is by no means the unique form of using these
invariants, so different ways of using them can even improve the tests.
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