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1 Introduction

This chapter is devoted to the study of strand symmetric Markov models
on trees from the standpoint of algebraic statistics. By a strand symmetric
Markov model, we mean one whose mutation structure reflects the symmetry
induced by the double-stranded structure of DNA. In particular, a strand
symmetric model for DNA must have the following equalities of probabilities
in the root distribution:

πA = πT and πC = πG

and the following equalities of probabilities in the transition matrices (θij)

θAA = θTT , θAC = θTG, θAG = θTC , θAT = θTA,

θCA = θGT , θCC = θGG, θCG = θGC , θCT = θGA.

Important special cases of strand symmetric Markov models are the group-
based phylogenetic models including the Jukes-Cantor model and the Kimura
2 and 3 parameter models. The general strand symmetric model or in this
chapter just the strand symmetric model (SSM) has only these eight equal-
ities of probabilities in the transition matrices and no further restriction on
the transition probabilities. Thus, for each edge in the corresponding phylo-
genetic model, there are 6 free parameters.

For the standard group-based models (i.e. Jukes-Cantor and Kimura),
the transition matrices and the entire parametrization can be simultaneously
diagonalized by means of the Fourier transform of the group Z2 × Z2 [2, 6].
Besides the practical uses of the Fourier transform for group based models
(see for example [4]), this diagonalization of the group-based models makes
it possible to compute phylogenetic invariants for these models, by reducing
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the problem to the claw tree K1,3 [5]. Our goal in this chapter is to extend the
Fourier transform from group-based models to the strand symmetric model.
This is carried out in Section 2.

In Section 3 we focus in on the case of the three taxa tree. The computa-
tion of phylogenetic invariants for the SSM in the Fourier coordinates is still
not complete, though we report on what is known about these invariants. In
particular, we describe all invariants of degree three and four. Section 5 is
concerned with extending known invariants from the three taxa tree to an
arbitrary tree. In particular, we describe how to extend the given degree
three and four invariants from Section 3 to an arbitrary binary tree. To do
this, we introduce G-tensors and explore their properties in Section 4.

In Section 6, we take up the task of extending the “gluing” results for
phylogentic invariants which appear both in the work of Allman and Rhodes
[1] and Sturmfels and Sullivant [5]. Our exposition and inspiration mainly
comes from the work of Allman and Rhodes and we deduce that the prob-
lem of determining defining phylogenetic invariants for the strand symmetric
model reduces to finding phylogenetic invariants for the claw tree K1,3. Here
defining means a set of polynomials which generate the ideal of invariants
up to radical; that is, defining invariants have the same zero set as the whole
ideal of invariants. This result is achieved by proving some “block diagonal”
versions of results which appear in the Allman and Rhodes paper. This line
of attack is the heart of Sections 4 and 6.

2 Matrix-Valued Fourier Transform

In this section we introduce the matrix-valued group-based models and show
that the strand symmetric model is a matrix-valued group-based model.
Then we describe the matrix-valued Fourier transform and the resulting sim-
plification in the parametrization of these models. We make special emphasis
on the strand symmetric model.

Let T be a rooted tree with n taxa. First, we wish to describe the random
variables associated to each vertex in the tree in the matrix-valued group-
based models. Each random variable Xv takes on kl states where k is the
cardinality of a finite abelian group G. The states of the random variable
are 2-ples

(

j

i

)

where j ∈ G and i ∈ {0, 1, . . . , l − 1}.

Associated to the root node R in the tree is the root distribution Rj1
i1

. For

each edge E of T the double indexed set of parameters Ej1j2
i1i2

is the transition
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matrix associated to this edge. We use the convention that E is both the
edge and the transition matrix associated to that edge, to avoid the need
for introducing a third index on the matrices. Thus Ej1j2

i1i2
is the conditional

probability of making a transition from state
(

j1
i1

)

to state
(

j2
i2

)

along the edge
E.

Definition 1. A phylogenetic model is a matrix-valued group-based model if
for each edge, the matrix transition probabilities satisfy

Ej1j2
i1i2

= Ej3j4
i1i2

when j1 − j2 = j3 − j4 (where the difference is taken in G) and the root
distribution probabilities satisfy Rj1

i = Rj2
i .

Example 2. Consider the strand symmetric model and make the identifi-
cation of the states A =

(

0
0

)

, G =
(

0
1

)

, T =
(

1
0

)

, and C =
(

1
1

)

. One can
check directly from the definitions that the strand symmetric model is a
matrix-valued group-based model with l = 2 and G = Z2.

To avoid some even more cumbersome notation, we will restrict attention
to binary trees T and to the strand symmetric model for DNA. While the
results of Section 3 and 5 are exclusive to the case of the SSM, all our other
results can be easily extended to arbitrary matrix-valued group-based models
with the introduction of the more general Fourier transform, though we will
not explain these generalizations here.

We assume all edges of T are directed away from the root R. Given an
edge E of T let s(E) denote the initial vertex of E and t(E) the trailing ver-
tex. Then the parametrization of the phylogenetic model is given as follows.
The probability of observing states j1j2...jn

i1i2...in
at the leaves is

pj1j2...jn

i1i2...in
=

∑

((jv
iv
))∈H

RjR

iR

∏

E

E
js(E)jt(E)

is(E)it(E)

where the product is taken over all edges E of T and the sum is taken over
the set

H = {(

(

jv
iv

)

)v∈IntV (T )|jv, iv ∈ {0, 1}}.

Here IntV (T ) denotes the interior or nonleaf vertices of T .
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Example 3. For the three leaf claw tree, the parametrization is given by the
expression:

plmn
ijk = R0

0A
0l
0iB

0m
0j C

0n
0k +R1

0A
1l
0iB

1m
0j C

1n
0k +R0

1A
0l
1iB

0m
1j C

0n
1k +R1

1A
1l
1iB

1m
1j C

1n
1k .

The study of this particular tree will occupy a large part of the paper.

Because of the role of the group in determining the symmetry in the
parametrization, the Fourier transform can be applied to make the parametri-
zation simpler. We will not define the Fourier transform in general, only in
the specific case of the group Z2. The Fourier transform applies to all of the
probability coordinates, the transition matrices and the root distribution.

Definition 4. The Fourier transform of the probability coordinates is

qj1j2...jn

i1i2...in
=

∑

k1,k2,...,kn∈{0,1}

(−1)k1j1+k2j2+···+knjnpk1k2...kn

i1i2...in
.

The Fourier transform of the transition matrix E is

ej1j2
i1i2

=
1

2

∑

k1,k2∈{0,1}

(−1)k1j1+k2j2Ek1k2
i1i2

.

The Fourier transform of the root distribution is

rj
i =

∑

k∈{0,1}

(−1)kjRk
i .

It is easy to check that ej1j2
i1i2

= 0 if j1 + j2 = 1 ∈ Z2 and similarly

that rj
i = 0 if j = 1. In particular, writing e as a matrix, we see that

the Fourier transform replaces the matrix E with a matrix e that is block
diagonal. Generally, when working with our “hands on” the parameters (in
particular in Section 3) we will write the transition matrices with only one
superscript: ej

i1i2
and the transformed root distribution ri with no superscript

at all, though at other times it will be more convenient to have the extra
superscript around, in spite of their redundancy.

Lemma 5. In the Fourier coordinates the parametrization is given by the

rule

qj1j2...jn

i1i2...in
=
∑

(iv)∈H

rjr

ir

∏

e

e
js(e)

is(e)it(e)
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where js(e) is the sum of jl such that l is a leaf below s(e) in the tree, jr =
j1 + · · · + jn and H denotes the set

H = {(iv)v∈IntV (T ) and iv ∈ {0, 1}}.

Proof. We can rewrite the parametrization in the probability coordinates as

pk1k2...kn

i1i2...in
=
∑

(iv)∈H





∑

(kv)∈H′

RkR

iR

∏

E

E
ks(E)kt(E)

is(E)it(E)





where H is the set defined in the lemma and

H ′ = {(kv)v∈IntV (T ) and kv ∈ Z2}.

The crucial observation is that for any fixed values of i1, . . . , in and (iv) ∈ H,
the expression inside the parentheses is a standard group-based model for
Z2. Applying the Fourier transform we have

qj1j2...jn

i1i2...in
=

∑

k1,k2,...,kn∈{0,1}

(−1)k1j1+k2j2+···+knjn

∑

(iv)∈H





∑

(kv)∈H′

RkR

iR

∏

E

E
ks(E)kt(E)

is(E)it(E)





and interchanging summations

=
∑

(iv)∈H





∑

k1,k2,...,kn∈{0,1}

(−1)k1j1+k2j2+···+knjn

∑

(kv)∈H′

RkR

iR

∏

E

E
ks(E)kt(E)

is(E)it(E)



 .

By our crucial observation above, the expression inside the large parentheses
is the Fourier transform of a group-based model and hence by results in [2]
and [6] the expression inside the parentheses factors in terms of the Fourier
transforms of the transition matrices and root distribution in precisely the
way illustrated in the statement of the lemma.

Definition 6. Given a tree T , the projective variety of the SSM given by
the tree T is denoted by V (T ). The notation CV (T ) denotes the affine cone
over V (T ).

Proposition 7 (Linear Invariants).

qj1j2...jn

i1i2...in
= 0

if j1 + j2 + · · · + jn = 1 ∈ Z2.
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Proof. The equation j1+j2+· · ·+jn = 1 ∈ Z2 implies that in the parametriza-
tion every summand involves r1

ir
for some ir. However, all of these parameters

are zero.

The linear invariants in the previous lemma are equivalent to the fact
that

pj1j2...jn

i1i2...in
= pj̄1j̄2...j̄n

i1i2...in

where j̄ = 1 − j ∈ Z2.
Up until now, we have implicitly assumed that all the matrices E involved

were actually matrices of transition probabilities and that the root distribu-
tion R was an honest probability distribution. If we drop these conditions
and look at the parametrization in the Fourier coordinates, we can, in fact,
drop r from this representation altogether. That is, the variety parametrized
by dropping the transformed root distribution r is the cone over the Zariski
closure of the probabilistic parametrization.

Lemma 8. In the Fourier coordinates there is an open subset of CV (T ), the

cone over the strand symmetric model, that can be parametrized as

qj1j2...jn

i1i2...in
=
∑

(iv)∈H

∏

e

e
js(e)

is(e)it(e)

when j1 + · · · + jn = 0 ∈ Z2, where js(e) is the sum of jl such that l is a leaf

below s(e) in the tree and H denotes the set

H = {(iv)v∈IntV (T ) and iv ∈ {0, 1}}.

Proof. Due to the structure of the reparametrization of the SSM which we
will prove in Section 4, it suffices to prove the lemma when T is the 3-leaf
claw tree K1,3. In this case, we are comparing the parametrizations

φ : qmno
ijk = r0a

m
0ib

n
0jc

o
0k + r1a

m
1ib

n
1jc

o
1k

and
ψ : qmno

ijk = dm
0ie

n
0jf

o
0k + dm

1ie
n
1jf

o
1k.

In the second case, there are no conditions on the parameters. In the first
parametrization, the stochastic assumption on the root distribution and tran-
sition matrices translates into the following restrictions on the Fourier pa-
rameters

r0 = 1, a0
l0 + a0

l1 = 1, b0l0 + b0l1 = 1, c0l0 + c0l1 = 1
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for l = 0, 1. We must show that for d, e, f belonging to some open subset
U we can choose r, a, b, c with the prescribed restrictions which realize the
same Q tensor up to scaling. To do this, define

δl = d0
l0 + d0

l1, γl = e0
l0 + e0

l1, λl = f 0
l0 + f 0

l1

for l = 0, 1 and take U the subset where these numbers are all non-zero. Set

am
li = δ−1

l dm
li , b

n
lj = γ−1

l en
lj, c

o
lk = λ−1

l f o
lk, r0 = 1, and r1 =

δ1γ1λ1

δ0γ0λ0

.

Clearly, all the parameters r, a, b, c satisfy the desired prescription. Fur-
thermore, the parameterization with this choice of r, a, b, c differs from the
original parametrization by a factor of (δ0γ0λ0)

−1. This proves that ψ(U) ⊂
Im(ψ) ⊂ CV (T ). On the other hand we have that V (T ) ⊂ Im(ψ) because
we can always take dm

li = rla
m
li , e

n
lj = bnlj, f

o
lk = colk. Moreover it is clear that

Im(ψ) is a cone and hence CV (T ) ⊂ Im(ψ). The proof of the lemma is
completed by taking the Zariski closure.

Example 9. In the particular instance of the three leaf claw tree the Fourier
parametrization of the model is given by the formula

qmno
ijk = am

0ib
n
0jc

o
0k + am

1ib
n
1jc

o
1k.

3 Invariants for the 3 taxa tree

In this section, we will describe the degree 3 and degree 4 phylogenetic in-
variants for the claw tree K1,3 on the strand symmetric model. We originally
found these polynomial invariants using the computational algebra package
Macaulay2 [3] though we will give a combinatorial description of these in-
variants and proofs that they do, in fact, vanish on the strand symmetric
model.

It is still an open problem to decide whether or not the 32 cubics and 18
quartics described here generate the ideal of invariants, or even describe the
SSM set theoretically. Computationally, we determined that they generate
the ideal up to degree 4. Furthermore, one can show that neither the degree
3 nor the degree 4 invariants alone are sufficient to describe the variety set
theoretically.
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3.1 Degree 3 Invariants

Proposition 10. For each l = 1, 2, 3 let ml, nl, ol, il, jl, kl be indices in {0, 1}
such that ml + nl + ol = 0, m1 = m2, m3 = 1 −m1, n1 = n3, n2 = 1 − n1,

o2 = o3, and o1 = 1 − o2 in Z2. Let f(m•, n•, o•, i•, j•, k•) be the polynomial

in the Fourier coordinates described as

∣

∣

∣

∣

∣

∣

qm1n1o1
i1j1k1

qm2n1o1
i2j1k1

0

qm1n2o2
i1j2k2

qm2n2o2
i2j2k2

qm3n3o2
i3j3k2

qm1n2o3
i1j2k3

qm2n2o3
i2j2k3

qm3n3o3
i3j3k3

∣

∣

∣

∣

∣

∣

−

∣

∣

∣

∣

∣

∣

qm1n3o1
i1j3k1

qm2n3o1
i2j3k1

0

qm1n2o2
i1j2k2

qm2n2o2
i2j2k2

qm3n1o2
i3j1k2

qm1n2o3
i1j2k3

qm2n2o3
i2j2k3

qm3n1o3
i3j1k3

∣

∣

∣

∣

∣

∣

.

Then f(m•, n•, o•, i•, j•, k•) is a phylogenetic invariant for K1,3 on the SSM.

Remark 11. The only nonzero cubics invariants for K1,3 arising from Propo-
sition 1 are those satisfying i2 = 1−i1, i3 = i2,j2 = j1, j3 = 1−j1, k2 = 1−k1

and k3 = k1. We maintain all the indices because they are necessary when
we extend invariants to larger trees in section 5. In total, we obtain 32 in-
variants in this way and we verified in Macaulay2 [3] that these 32 invariants
generate the ideal in degree 3.

Proof. In order to prove this result it is very useful to write the parametriza-
tion in Fourier coordinates as:

qmno
ijk =

∣

∣

∣

∣

am
0ib

n
0j −co1k

am
1ib

n
1j co0k

∣

∣

∣

∣

.

In f(m•, n•, o•, i•, j•, k•) we substitute the Fourier coordinates by their
parametrization and we call D1 the first determinant and D2 the second one
so that

D1 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

am1
0i1
bn1
0j1

−co1
1k1

am1
1i1
bn1
1j1

co1
0k1

∣

∣

∣

∣

∣

∣

∣

∣

am2
0i2
bn1
0j1

−co1
1k1

am2
1i2
bn1
1j1

co1
0k1

∣

∣

∣

∣

0
∣

∣

∣

∣

am1
0i1
bn2
0j2

−co2
1k2

am1
1i1
bn2
1j2

co2
0k2

∣

∣

∣

∣

∣

∣

∣

∣

am2
0i2
bn2
0j2

−co2
1k2

am2
1i2
bn2
1j2

co2
0k2

∣

∣

∣

∣

∣

∣

∣

∣

am3
0i3
bn3
0j3

−co2
1k2

am3
1i3
bn3
1j3

co2
0k2

∣

∣

∣

∣

∣

∣

∣

∣

am1
0i1
bn2
0j2

−co3
1k3

am1
1i1
bn2
1j2

co3
0k3

∣

∣

∣

∣

∣

∣

∣

∣

am2
0i2
bn2
0j2

−co3
1k3

am2
1i2
bn2
1j2

co3
0k3

∣

∣

∣

∣

∣

∣

∣

∣

am3
0i3
bn3
0j3

−co3
1k3

am3
1i3
bn3
1j3

co3
0k3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Now we observe that the indices in the first position are the same for each
column in both determinants involved in f(m•, n•, o•, i•, j•, k•). Similarly, the
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indices in the third position are the same for each row in both determinants.
Using recursively the formula

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x1,1 y
x2,1 z

∣

∣

∣

∣

∣

∣

∣

∣

x1,2 y
x2,2 x

∣

∣

∣

∣

· · ·

∣

∣

∣

∣

x1,n y
x2,n z

∣

∣

∣

∣

x3,1 x3,2 · · · x3,n

...
...

...
...

xn+1,1 xn+1,2 · · · xn+1,n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x1,1 x1,2 · · · x1,n y
x2,1 x2,2 · · · x2,n z
x3,1 x3,2 · · · x3,n 0
...

...
...

...
...

xn+1,1 xn+1,2 · · · xn+1,n 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

it is easy to see that D1 can be written as the following 6 × 6 determinant:

D1 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

am1
0i1
bn1
0j1

am2
0i2
bn1
0j1

0 −co1
1k1

0 0
am1

1i1
bn1
1j1

am2
1i2
bn1
1j1

0 co1
0k1

0 0
am1

0i1
bn2
0j2

am2
0i2
bn2
0j2

am3
0i3
bn3
0j3

0 −co2
1k2

0
am1

1i1
bn2
1j2

am2
1i2
bn2
1j2

am3
1i3
bn3
1j3

0 co2
0k2

0
am1

0i1
bn2
0j2

am2
0i2
bn2
0j2

am3
0i3
bn3
0j3

0 0 −co3
1k3

am1
1i1
bn2
1j2

am2
1i2
bn2
1j2

am3
1i3
bn3
1j3

0 0 co3
0k3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Now using Laplace expansion for the last 3 columns we see that D1 is
equal to

−co1
0k1
co2
1k2
co3
0k3

∣

∣

∣

∣

∣

∣

am1
0i1
bn1
0j1

am2
0i2
bn1
0j1

0
am1

1i1
bn2
1j2

am2
1i2
bn2
1j2

am3
1i3
bn3
1j3

am1
0i1
bn2
0j2

am2
0i2
bn2
0j2

am3
0i3
bn3
0j3

∣

∣

∣

∣

∣

∣

−co1
0k1
co2
0k2
co3
1k3

∣

∣

∣

∣

∣

∣

am1
0i1
bn1
0j1

am2
0i2
bn1
0j1

0
am1

0i1
bn2
0j2

am2
0i2
bn2
0j2

am3
0i3
bn3
0j3

am1
1i1
bn2
1j2

am2
1i2
bn2
1j2

am3
1i3
bn3
1j3

∣

∣

∣

∣

∣

∣

+

co1
1k1
co2
1k2
co3
0k3

∣

∣

∣

∣

∣

∣

am1
1i1
bn1
1j1

am2
1i2
bn1
1j1

0
am1

1i1
bn2
1j2

am2
1i2
bn2
1j2

am3
1i3
bn3
1j3

am1
0i1
bn2
0j2

am2
0i2
bn2
0j2

am3
0i3
bn3
0j3

∣

∣

∣

∣

∣

∣

+co1
1k1
co2
0k2
co3
1k3

∣

∣

∣

∣

∣

∣

am1
1i1
bn1
1j1

am2
1i2
bn1
1j1

0
am1

0i1
bn2
0j2

am2
0i2
bn2
0j2

am3
0i3
bn3
0j3

am1
1i1
bn2
1j2

am2
1i2
bn2
1j2

am3
1i3
bn3
1j3

∣

∣

∣

∣

∣

∣

Doing the same procedure for D2 we see that its Laplace expansion has
exactly the same 4 nonzero terms.

3.2 Degree 4 Invariants

Now we wish to explain the derivation of some nontrivial degree 4 invariants
for the SSM on the K1,3 tree. Each of the degree 4 invariants involves 16
of the nonzero Fourier coordinates which come from choosing two possible
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distinct sets of indices for the group-based indices. Up to symmetry, we may
suppose these are from the tensors

qmn1o1 and qmn2o2 .

Choose the ten indices i1, i2, j1, j2, j3, j4, k1, k2, k3, k4. Define the four matrices
qmn1o1
i and qmn2o2

i , i ∈ {i1, i2} by

qmn1o1
i =

(

qmn1o1
ij1k1

qmn1o1
ij1k2

qmn1o1
ij2k1

qmn1o1
ij2k2

)

and qmn2o2
i =

(

qmn2o2
ij3k3

qmn2o2
ij3k4

qmn2o2
ij4k3

qmn2o2
ij4k4

)

For any of these matrices, adding an extra subindex j means taking the
j-th row of the matrix, e.g. q011

1j is the vector (q011
1j0 q

011
1j1).

Theorem 12. The 2× 2 minors of the following 2× 3 matrix are all degree

4 invariants of the SSM model on the 3 leaf claw tree:













∣

∣qmn1o1
i1

∣

∣

∣

∣

∣

∣

qmn1o1
i1j1

qmn1o1
i2j2

∣

∣

∣

∣

+

∣

∣

∣

∣

qmn1o1
i1j2

qmn1o1
i2j1

∣

∣

∣

∣

∣

∣qmn1o1
i2

∣

∣

∣

∣qmn2o2
i1

∣

∣

∣

∣

∣

∣

qmn2o2
i1j3

qmn2o2
i2j4

∣

∣

∣

∣

+

∣

∣

∣

∣

qmn2o2
i1j4

qmn2o2
i2j3

∣

∣

∣

∣

∣

∣qmn2o2
i2

∣

∣













.

These degree 4 invariants are not in the radical of the ideal generated by the

degree 3 invariants above. Up to symmetry, of the SSM on K1,3 the 18 degree

4 invariants which arise this way are the only minimal generators of the ideal

of degree 4.

Proof. The third claim was proven computationally using Macaulay 2 [3].
The second claim follows by noting that all of the degree 3 invariants above
use 3 different superscripts whereas the degree 4 invariants use only 2 different
superscripts and the polynomials are multi-homogeneous in these indices.
Hence, for example, an assignment of arbitrary values to the tensors q000

and q011 and setting q101 = q110 = 0 creates a set of Fourier values which
necessarily satisfies all degree 3 invariants but does not satisfy the degree 4
polynomials described in the statement of the theorem.

Now we will prove that these polynomials are, in fact, invariants of the
SSM on K1,3. The parametrization of qmn1o1

i and qmn2o2
i can be rewritten as

qmn1o1
i = am

0iM
0
0 + am

1iM
0
1 and qmn2o2

i = am
0iM

1
0 + am

1iM
1
1

10



where each of the four matrices M 0
0 , M0

1 , M1
0 , and M 1

1 are arbitrary 2 × 2
matrices of rank 1. This follows by noting that the qmn1o1 uses bn1 and co1 in
its description, qmn2o2 uses bn2 and co2 in its description, and simply reforming
these descriptions into matrix notation.

In particular, qmn1no1
i1

and qmn1o1
i2

lie in the plane spanned by the rank 1
matrices M 0

0 and M0
1 and qmn2o2

i1
and qmn2o2

i2
lie in the plane spanned by the

rank 1 matrices M 1
0 and M0

1 . Furthermore, the coefficients used to write
these linear combinations are the same for pair qmn1o1

i1
and qmn2o2

i1
and for the

pair qmn1o1
i2

and qmn2o2
i2

.
If we are given a general point on the variety of the SSM, none of the

matrices qmn1o1
i1

, qmn1o1
i2

, qmn2o2
i1

or qmn2o2
i2

will have rank 1. This implies that,
generically, the set of matrices

M1 = {λqmn1o1
i1

+ γqmn1o1
i2

|λ, γ ∈ C}

M2 = {λqmn2o2
i1

+ γqmn2o2
i2

|λ, γ ∈ C}

each contain precisely 2 lines of rank 1 matrices. This is because the variety
of 2 × 2 rank 1 matrices has degree 2. The set of values of λ and γ which
produce these lines of rank 1 matrices are the same because of the way that
qmn1o1
i1

, qmn1o1
i2

, qmn2o2
i1

or qmn2o2
i2

were written in terms of M 0
0 , M0

1 , M1
0 and

M1
1 . In the first case, this set of λ and γ is the solution set of the quadratic

equation
∣

∣λqmn1o1
i1

+ γqmn1o1
i2

∣

∣ = 0

and in the second case this set is the solution to the quadratic equation
∣

∣λqmn2o2
i1

+ γqmn2o2
i2

∣

∣ = 0.

To say that these two quadrics have the same zero set is equivalent to the
vanishing of the three 2 × 2 minors in the statement of the theorem. Since
the minors in the statement of the theorem vanish for a general point on
the parametrization they must vanish on the entire variety and hence are
invariants of the SSM.

4 G-tensors

In this section we introduce the notion of aG-tensor which should be regarded
as a multidimensional analog of a block diagonal matrix. We describe G-
tensor multiplication and a certain variety defined for G-tensors which will

11



be useful for extending invariants from the 3-leaf claw tree to arbitrary trees.
This variety GV (4r1 , 4r2 , 4r3) generalizes in a natural way the SSM on the
claw tree K1,3.
Notation. Let G be a group. For an n-tuple j = (j1, . . . , jn) ∈ Gn we denote
by σ(j) the sum j1 + · · · + jn ∈ G.

Definition 13. Let qj1···jni1···in
define a 4r1 × · · · × 4rn tensor Q where the upper

indices are ri-tuples in the group G = Z2. We say that Q is G-tensor if
whenever σ(j1) + · · · + σ(jn) 6= 0 in G, qj1···jni1···in

= 0. If n = 2 then Q is called
a G-matrix.

Lemma 14. If Q is a 4×· · ·×4 tensor arising from the SSM in the Fourier

coordinates, then Q is a G-tensor. All the Fourier parameter matrices ej1j2
i1i2

are G-matrices.

Proof. This is immediate from Proposition 7 and the comments following
Definition 4.

Convention. Henceforth, we order any set of indices {
(

j1 · · · jt

i1 · · · it

)

}j1,...,jt,i1,...,it

so that we put first those indices whose upper sum σ(j) = j1 + · · · + jt is
equal to zero.

From now on we are going to use only Fourier coordinates and we will
refer to the corresponding tensor as Q.

An operation on tensors that we will use frequently is the tensor multi-
plication ∗ which is defined as follows. If R and Q are n-dimensional and
m-dimensional tensors so that R (resp. Q) has κ states at the last index
(resp. first index), the (m+ n− 2)-dimensional tensor R ∗Q is defined as

(R ∗Q)i1,...,in+m−2 =
κ
∑

j=1

Ri1,...,in−1,j ·Qj,in,...,in+m−2 .

If R and Q are matrices this is the usual matrix multiplication. Note that if
R and Q are G-tensors then R ∗ Q is also a G-tensor. We can also perform
the ∗ operation on two varieties: if V and W are varieties of tensors then
V ∗W = {R ∗Q|R ∈ V,Q ∈W}. If T ′ is a tree with taxa v1, . . . , vn and T ′′

is a tree with taxa w1, . . . , wm we call T ′ ∗ T ′′ the tree obtained by identify-
ing the vertices vn and w1, deleting this new vertex, and replacing the two
corresponding edges by a single edge. This construction is a useful tool for
constructing a reparametrization of the variety associated to an n-leaf tree
Tn in terms of the parametrization for two smaller trees.

12



Proposition 15. Let Tn be an n-leaf tree. Let Tn = Tn−1 ∗ T3 be a decompo-

sition of Tn into an n− 1 leaf tree and a 3 leaf tree at a cherry. Then

CV (Tn) = CV (Tn−1) ∗ CV (T3).

Proof. Consider the parametrization for Tn−1 written in the usual way as

q
j1j2...jn−2l

i1i2...in−2k =
∑

(iv)∈H

∏

e

e
js(e)

is(e)it(e)
.

and the parameterization for the 3 leaf tree T3

r
ljn−1jn

kin−1in
=

∑

iu∈{0,1}

∏

f

f
js(f)

is(f)it(f)

where u is the interior vertex of T3. Writing the first tensor as Q and the
second as R, we have an entry of P = Q ∗R given by the formula

pj1j2...jn

i1i2...in
=

∑

k∈{0,1}

q
j1j2...jn−2l

i1i2...in−2kr
ljn−1jn

kin−1in

where l satisfies
∑

jn−1+jn+l = 0 ∈ Z2. Let e and f denote the distinguished
edges of Tn−1 and T3 respectively which are joined to make the tree Tn.
Expanding the expression and regrouping yields

=
∑

k∈{0,1}





∑

(iv)∈H

∏

e

e
js(e)

is(e)it(e)









∑

iv∈{0,1}

∏

f

f
js(f)

is(f)it(f)





=
∑

(iv)∈H

∑

iu∈{0,1}

∑

k∈{0,1}

∏

e

e
js(e)

is(e)it(e)

∏

f

f
js(f)

is(f)it(f)
.

=
∑

(iv)∈H

∑

iu∈{0,1}

∏

e6=e

e
js(e)

is(e)it(e)

∏

f 6=f

f
js(f)

is(f)it(f)





∑

k∈{0,1}

el
is(e)ik

f l
ikit(f)



 .

The parenthesized expression is the product of the G-matrices e and f . Re-
placing this expression with a new single G-matrix of parameters along the
conjoined edge ef proves that CV (Tn−1)∗CV (T3) ⊆ CV (Tn). Now expanding
the paramaterization given in Lemma 8 as a sum on the vertex u we obtain
the other inclusion.

13



Now we define a variety GV (4r1 , 4r2 , 4r3) which plays a large role when we
extend invariants.

Definition 16. For l = 1, 2, 3 let
(

jl
il

)

be a string of indices of length rl.
Let lM be an arbitrary G-matrix of size 4rl where the rows are indexed by
{
(

0
0

)

,
(

0
1

)

,
(

1
0

)

,
(

1
1

)

} and the columns are indexed by the 4rl indices
(

jl
il

)

. Define the parametrization Q = ψr1,r2,r3(1M, 2M, 3M) by

Qj1j2j3
i1i2i3

=
∑

i∈{0,1}

1M
σ(j1)j1
ii1 2M

σ(j2)j2
ii2 3M

σ(j3)j3
ii3

if σ(j1) + σ(j2) + σ(j3) = 0 and Qj1j2j3
i1i2i3

= 0 if σ(j1) + σ(j2) + σ(j3) = 1. The
projective variety that is the Zariski closure of the image of ψr1,r2,r3 is denoted
GV (4r1 , 4r2 , 4r3). The affine cone over this variety is CGV (4r1 , 4r2 , 4r3).

Remark 17. By the definition of GV (4r1 , 4r2 , 4r3) any Q ∈ GV (4r1 , 4r2 , 4r3)
is a G-tensor. Furthermore GV (4, 4, 4) is equal to the variety defined by the
SSM on the three leaf claw tree K1,3.

Besides the fact that GV (4r1 , 4r2 , 4r3) is equal to the SSM when r1 = r2 =
r3 = 1 the importance of this variety for the strand symmetric model comes
from the fact that GV (4r1 , 4r2 , 4r3) contains the SSM for any binary tree as
illustrated by the following proposition.

Proposition 18. Let T by a binary tree and v an interior vertex. Sup-

pose that removing v from T partitions the leaves of T into the three sets

{1, . . . , r1}, {r1 + 1, · · · , r1 + r2}, and {r1 + r2 + 1 . . . , r1 + r2 + r3}. Then

the SSM on T is a subvariety of GV (4r1 , 4r2 , 4r3).

In the proposition, the indices in the Fourier coordinates for the SSM are
grouped in the natural way according to the tripartition of the leaves.

Proof. In the parametric representation

qj1j2...jn

i1i2...in
=
∑

(iv)∈H

∏

e

e
js(e)

is(e)it(e)

perform the sum associated to the vertex v first. This realizes the G-tensor
Q as the sum over the product of entries of three G-tensors.
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Our goal for the remainder of this section is to prove a result analogous
to Theorem 7 in Allman and Rhodes [1]. This theorem will provide a method
to explicitly determine the ideal of invariants for GV (4r1 , 4r2 , 4r3) from the
ideal of invariants for GV (4, 4, 4). Denote by GM(2l, 2m) the set of 2l × 2m
G-matrices. A fundamental observation is that if r3

′ ≥ r3 then

CGV (4r1 , 4r2 , 4r′3) = CGV (4r1 , 4r2 , 4r3) ∗ GM(4r3 , 4r′3).

Thus, we need to understand the ∗ operation when V and W are “well-
behaved” varieties.

Lemma 19. Let V ⊂ GM(2l, 4) be a variety and suppose that V ∗GM(4, 4) =
V . Let I be the vanishing ideal of V . Let K be the ideal of 3 × 3 G-minors

of the 2l × 2m G-matrix of indeterminates Q. Let Z be 2m× 4 G-matrix of

indeterminates and

L = 〈coeffZ(f(Q ∗ Z))|f ∈ gens(I)〉 .

Then K + L is the vanishing ideal of W = V ∗ GM(4, 2m).

By a G-minor we mean a minor which involves only the nonzero entries
in the G-matrix Q.

Proof. A useful fact is that

L =< f(Q ∗ A)|f ∈ I, A ∈ GM(2m, 4) > .

Let J be the vanishing ideal ofW . By the definition ofW , all the polynomials
in K must vanish on it. Moreover if f(Q ∗ A) is a polynomial in L, then it
vanishes at all the points of the form P ∗ B, for any P ∈ V and B ∈
GM(4, 2m). Indeed, as P ∗ B ∗ A ∈ V and f ∈ I we have f(P ∗ B ∗ A) = 0.
As all the points of W are of this form, we obtain the inclusion K + L ⊆ J .
Our goal is to show that J ⊆ K + L.

Since V ∗ GM(4, 4) = V , we must also have W ∗ GM(2m, 2m) = W . This
implies that there is an action of Gl(C,m)×Gl(C,m) on W and hence, any
graded piece of J , the vanishing ideal of W , is a representation of Gl(C,m)×
Gl(C,m). Let Jd be the d-th graded piece of J . Since Gl(C,m)×Gl(C,m) is
reductive, we just need to show each irreducible subspace M of Jd belongs to
K+L. By construction, K+L is also invariant under the action of Gl(C,m)×
Gl(C,m) and, hence, it suffices to show that there exists a polynomial f ∈M
such that f ∈ K + L.
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Let f ∈ M be an arbitrary polynomial in the irreducible representation
M . Let P be a 2l × 4 G-matrix of indeterminates. Suppose that for all
B ∈ GM(4, 2m), f(P ∗B) ≡ 0. This implies that f vanishes when evaluated
at any G-matrix Q which has rank 2 in both components. Hence, f ∈ K.

If f /∈ K there exists a B ∈ GM(4, 2m) such that fB(P ) := f(P ∗B) 6 ≡0.
Renaming the P indeterminates we can take D a matrix in G(2m, 4) formed
by ones and zeroes such that fB(Q ∗ D) 6 ≡0. Since f ∈ J , we must have
fB(P ) ∈ I. Therefore fB(Q ∗ D) ∈ L. Let B ′ = D ∗ B ∈ GM(2m, 2m).
Although B′ /∈ Gl(C,m) × Gl(C,m), the representation M must be closed
and hence f(Q ∗B′) = fB(Q ∗D) ∈M which completes the proof.

Proposition 20. Generators for the vanishing ideal of GV (4r1 , 4r2 , 4r3) are

explicitly determined by generators for the vanishing ideal of GV (4, 4, 4).

Proof. Starting with GV (4, 4, 4), apply the preceding lemma three times.
Now we will explain how to compute these polynomials explicitly. For l =
1, 2, 3 let Zl be a 4rl × 4 G-matrix of indeterminates. This G-matrix Zl

acts on the 4r1 × 4r2 × 4r3 tensor Q by G-tensor multiplication in the l-th
coordinate. For each f ∈ gens(I), where I is the vanishing ideal of GV (4, 4, 4),
we construct the polynomials coeffZf(Q∗Z1 ∗Z2 ∗Z3). That is, we construct
the 4 × 4 × 4 G-tensor Q ∗ Z1 ∗ Z2 ∗ Z3, plug this into f and expand, and
extract, for each Z monomial, the coefficient, which is a polynomial in the
entries of Q. Letting f range over all the generators of I determines an ideal
L.

We can also flatten the 3-way G-tensor Q to a G-matrix in three different
ways. For instance, we can flatten in to a 4r1 × 4r2+r3 G-matrix grouping the
last two coordinates together. Taking the ideal generated by the 3 × 3 G-
minors in these three flattenings yields an ideal K. The ideal K+L generates
the vanishing ideal of GV (4r1 , 4r2 , 4r3).

5 Extending invariants

In this section we will show how to derive invariants for arbitrary trees from
the invariants introduced in section 3. We also introduce the degree 3 deter-
minantal flattening invariants which arise from flatting the n-way G-tensor
associated to a tree T under the SSM along an edge of the tree. The idea
behind all of our results is to use the embedding of the SSM into the variety
GV (4r1 , 4r2 , 4r3).
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Let T be a tree with n taxa on the SSM and let v be any interior vertex.
Removing v creates a tripartition of the leaves into three sets of cardinalities
r1, r2 and r3, which we may suppose, without loss of generality, are the sets
{1, . . . , r1}, {r1 + 1, . . . , r1 + r2}, and {r1 + r2 + 1, . . . , r1 + r2 + r3}.

Proposition 21. Let f(m•, n•, o•, i•, j•, k•) be one of the degree 3 invariants

for the 3 taxa tree K1,3 introduced in Proposition 10. For each l = 1, 2, 3 we

choose sets of indices ml, il ∈ {0, 1}r1, nl, jl ∈ {0, 1}r2, and ol,kl ∈ {0, 1}r3

such that σ(ml) = ml σ(nl) = nl and σ(ol) = ol. Then f(m•,n•,o•, i•, j•,k•)

=

∣

∣

∣

∣

∣

∣

qm1n1o1

i1j1k1
qm2n1o1

i2j1k1
0

qm1n2o2

i1j2k2
qm2n2o2

i2j2k2
qm3n3o2

i3j3k2

qm1n2o3

i1j2k3
qm2n2o3

i2j2k3
qm3n3o3

i3j3k3

∣

∣

∣

∣

∣

∣

−

∣

∣

∣

∣

∣

∣

qm1n3o1

i1j3k1
qm2n3o1

i2j3k1
0

qm1n2o2

i1j2k2
qm2n2o2

i2j2k2
qm3n1o2

i3j1k2

qm1n2o3

i1j2k3
qm2n2o3

i2j2k3
qm3n1o3

i3j1k3

∣

∣

∣

∣

∣

∣

is a phylogenetic invariant for T.

Proof. The polynomial f(m•,n•,o•, i•, j•,k•) must vanish on the variety
GV (4r1 , 4r2 , 4r3). This is because choosing m1, m2, . . . in the manner spec-
ified corresponds to choosing a 3 × 3 × 3 subtensor of Q which belongs to
a 4 × 4 × 4 G-subtensor of Q (after flattening to a 3-way tensor). Since
GV (4, 4, 4) arises as a projection of GV (4r1 , 4r2 , 4r3) onto this G-subtensor,
f(m•,n•,o•, i•, j•,k•) belongs to the corresponding elimination ideal. Since
the variety of the SSM for T is contained in the variety GV (4r1 , 4r2 , 4r3),
f(m•,n•,o•, i•, j•,k•) is an invariant for the SSM on T .

Similarly, we can extend the construction of degree four invariants to
arbitrary trees T by replacing the indices in their definition with vectors of
indices. We omit the proof which follows the same lines as the preceding
proposition.

Proposition 22. Let m, il ∈ {0, 1}r1, nl, jl ∈ {0, 1}r2, and ol,kl ∈ {0, 1}r3.

Then the three 2×2 minors of the following matrix are all degree 4 invariants

of the SSM model on the tree T :













∣

∣qmn1o1

i1

∣

∣

∣

∣

∣

∣

qmn1o1

i1j1

qmn1o1

i2j2

∣

∣

∣

∣

+

∣

∣

∣

∣

qmn1o1

i1j2

qmn1o1

i2j1

∣

∣

∣

∣

∣

∣qmn1o1

i2

∣

∣

∣

∣qmn2o2

i1

∣

∣

∣

∣

∣

∣

qmn2o2

i1j3

qmn2o2

i2j4

∣

∣

∣

∣

+

∣

∣

∣

∣

qmn2o2

i1j4

qmn2o2

i2j3

∣

∣

∣

∣

∣

∣qmn2o2

i2

∣

∣













.
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Now we wish to describe the determinantal edge invariants which arise
by flattening the G-tensor Q to a matrix along each edge of the tree. As we
shall see, there existence is already implied by our previous results, namely
Proposition 20. We make the special point of describing them here because
they will be useful in the next section.

Let e be an edge in the tree T . Removing this edge partitions the leaves
of T into two sets of size r1 and r2. The G-tensor Q flattens to a 4r1 × 4r2

G-matrix R. Denote by Fe the set of 3 × 3 G-minors of R.

Proposition 23. The 3 × 3 G-minors Fe are invariants of the SSM on T .

Proof. The edge e is incident to some interval vertex v of T . These 3 × 3
G-minors are in the ideal of say GV (4r1 , 4r′2 , 4r′3) associated to flattening the
tensor Q to a 3-way G tensor at this vertex. Then by Proposition 18 Fe are
invariants of the SSM on T .

6 Reduction to K1,3

In this section, we explain how the problem of computing defining invariants
for the SSM on a tree T reduces to the problem of computing defining invari-
ants on the claw tree K1,3. Our statements and proof are intimately related
to the results of Allman and Rhodes [1] and we draw much inspiration from
their work.

Given an internal vertex v of T , denote by GVv the variety GV (4r1 , 4r2 , 4r3)
associated to flattening the G-tensor Q to a 3-way tensor according to the
tripartiiton induced by v.

Theorem 24. Let T be a binary tree. For each v ∈ IntV (T ) let Fv be a set

of invariants which define the variety GVv set theoretically. Then

CV (T ) = ∩v∈IntV (T )
GVv

and hence

Fflat(T ) = ∪v∈IntV (T )Fv

are a defining set of invariants for the SSM on T .

The theorem reduces the computation of defining invariants to K1,3 since
a defining set of invariants for GV (4r1 , 4r2 , 4r3) can be determined from a set
of defining invariants for GV (4, 4, 4) = V (K1,3). Given the reparametrization
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result of Section 4, it will suffice to show the following lemma, about the ∗
operation on G-matrix varieties.

Lemma 25. Let V ⊆ GM(2l, 4) and W ⊆ GM(4, 2m) be two varieties such

that V = V ∗ GM(4, 4) and W = GM(4, 4) ∗W . Then

V ∗W =
(

V ∗ GM(4, 2m)
)

∩
(

GM(2l, 4) ∗W
)

.

Proof. Call the variety on the right hand side of the equality U . Since both
of the component varieties of U contain V ∗W , we must have V ∗W ⊆ U .
Our goal is to show the reverse inclusion. Let Q ∈ U . This matrix can be
visualized as a block diagonal matrix:

Q =

(

Q0 0
0 Q1

)

.

Since Q ∈ U it must be the case that the rank of Q0 and Q1 are both less than
or equal to 2. Thus we can factorize Q as Q = R ∗ S where R ∈ GM(2l, 4)
and S ∈ GM(4, 2m). Without loss of generality, we may suppose that the
factorization Q = R ∗ S is nondegenerate in the sense that the rank of each
of the matrices R and S has only rank(Q) nonzero rows. Our goal is to show
that R ∈ V and S ∈W as this will imply the theorem.

By our assumption that the factorization Q = R ∗ S is nondegenerate,
there exists a G-matrix A ∈ GM(2m, 4) such that Q ∗A = R ∗ S ∗A = R (A
is called the pseudo-inverse of S). Augmenting the matrix A with extra 0-
columns, we get a G-matrix A′ ∈ GM(2m, 2m). Then Q∗A′ ∈ V ∗GM(4, 2m)
since Q is and V ∗GM(4, 2m) is closed under multiplication by G-matrices on
the right. On the other hand, the natural projection of Q ∗ A′ to GM(2l, 4)
is Q∗A = R. Since the projection V ∗GM(4, 2m) → GM(2l, 4) is the variety
V because V = V ∗ GM(4, 4), we have R ∈ V . A similar argument yields
S ∈ W and completes the proof.

Now we are in a position to give the proof the Theorem 24.

Proof. We proceed by induction on n the number of leaves of T . If n = 3
there is nothing to show since this is the three leaf claw tree K1,3. Let T by
a binary n taxa tree. The tree T has a cherry T3, and thus we can represent
the tree T = Tn−1 ∗ T3 and the resulting variety as V (T ) = V (Tn−1) ∗ V (T3)
by the reparametrization. Now we apply the induction hypothesis to Tn−1

and T3. The varieties V (Tn−1) and V (T3) have the desired representation as
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intersections of GVv. By the preceding Lemma, it suffices to show that this
representation extends to the variety V (Tn−1)∗

GM(4, 16) and GM(4n−1, 4)∗
V (T3). This is almost immediate, since

GV (4r1 , 4r2 , 4r3) ∗ GM(4, 4s) = GV (4r1 , 4r2 , 4r3+s−1)

where GM(4, 4s) acts on a single index of GV (4r1 , 4r2 , 4r3) (recall that GV (4r1 , 4r2 , 4r3)
can be considered as either a 3-way tensor or an n-way 4 × · · · × 4 tensor).
This equation of varieties applies to each of the component varieties in the in-
tersection representation of V (Tn−1) and V (T3) and completes the proof.
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